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ABSTRACT
One fifth of the mammalian brain is comprised of extracellular space (ECS). The
extracellular space is not empty, but instead comprises a complex network of proteins
and a variety of molecular species. One extracellular species, calcium, holds a prominent
position as one of the most important messengers known in the brain. However,
calcium exists in low concentrations in the ECS, and its diffusion is slowed by the
restricted volumes of the extracellular space – therefore, normal neural activity may
cause calcium to flow out of the ECS faster than diffusion can fill it in. As opposed to
the traditional view that extracellular calcium exists at a stable concentration, I explore
the hypothesis that calcium concentrations may change. Such changes would be
expected to carry significant functional impact, due to the many roles calcium plays.
The hypothesis is explored both at the biophysical and theoretical levels. At the
biophysical level, I explore the dynamics of external calcium changes under a wide range
of reasonable parameter settings. At the theoretical level, I attempt to interpret how
such fluctuations may serve as information-bearing signals in the nervous system.

Specifically, I have employed Monte Carlo simulations, finite differencing schemes, and
numerical analyses to develop a computational method capable of describing populations
of neural elements, and the fluids that communicate through the spaces between them.
Such a method has allowed me to address several issues, the broadest interpretations of
which can be cast as a set of questions:
• Is neural tissue engineered to allow – or prevent – fluctuations in extracellular ionic
concentrations?
• If fluctuations can occur, do they carry information?
• What are the computations carried out by that flow of information?
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Beginning with a model of pre-synaptic terminals, I show that reasonable assumptions
about the kinetics of consumption and diffusion will lead to rapid, local changes in
external calcium. The exact size of the calcium signal depends on several parameters.
For example, the cleft width might be used by the tissue as a control parameter:
changing the gap between elements can amplify or squelch the calcium signal. The
distribution of calcium channels will also critically influence the calcium fluctuations: by
clustering the channels, the local signal amplitude is greatly increased. In some
circumstances, the density of the calcium channels can become high enough that the total
calcium influx becomes limited by the speed of extracellular diffusion. I calculate that
the calcium signal will not travel far through the tissue – the signal will remain
approximately as local as neurotransmitter signals such as glutamate. Finally, I show
that changes in the average background rates will significantly change the average
calcium concentration available to any given terminal.

Moving the focus to dendrites, I demonstrate that action potentials propagating along a
dendrite can induce large calcium fluctuations, lowering the external calcium available to
overlying pre-synaptic terminals. Since neurotransmission depends on the availability of
external calcium, it may be that a post-synaptic neuron can employ back-propagating
action potentials to modulate the transmission probabilities of overlying afferent
terminals. The geometrical distribution of calcium sinks again influences the time and
spatial extent of fluctuations in external calcium. In particular, clusters of co-active
dendrites can prolong and amplify an external calcium fluctuation. This latter effect
provides a natural substrate for a computational mechanism that indexes (locates)
specific volumes of neural tissue on rapid time scales.

I suggest that the detailed structure of the extracellular space, in combination with the
three-dimensional distribution of calcium sinks, will play a role in neural information
processing. I discuss many roles extracellular calcium is known to serve – however,
throughout this work, I highlight two roles that are directly interpretable from a
computational perspective: neurotransmission and tissue re-organization. The steep
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dependence of neurotransmitter release on calcium allows for interpretation of calcium
dynamics at short time scales. Over longer epochs, I appeal to the calcium-dependence
of certain call-adhesion molecules to propose that calcium dynamics may drive learning
in neural tissue. Both explorations will underscore the dual role that calcium plays:
when an ion moves from outside to inside, its presence in the cytoplasm is as important
as its absence from the ECS.

In conclusion, the geometrical arrangement of neural tissue forces neighboring neural
elements to share a resource that is necessary for neural transmission, but is in limited
supply on short temporal and spatial scales. As I will demonstrate, the resting levels of
external calcium are not sufficiently high to protect against large decrements in this
important resource. Instead, it seems as though the tissue is engineered so that external
calcium levels are meant to fluctuate dramatically; given the functional importance of
external calcium, we are led to the strong suspicion that external calcium fluctuations are
an important class of information-bearing signal in the nervous system.
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Introduction & Background
“Man is equally incapable of seeing the nothingness from which he
emerges and the infinity in which he is engulfed” – Pascal
Everything is worthy of notice, for everything can be interpreted.”
– Hermann Hesse
There seem to be two important goals in neuroscience currently. The first is to discover
the physical properties of the neural tissue. The second, sometimes termed computational
neuroscience, seeks to describe how the operations that arise from the properties of neural
tissue amount to computations. In the best situation, both fields coexist, woven together
to provide insight into the massive complex of tissue we summarize as the brain.

Over a century ago, the idea that neural tissue is a continuous network, or reticulum, was
challenged by the proposal that the nervous system is an intricate network of discrete cells
(Ramon y Cajal, 1892). This insight ushered in an important new question: how do cells
communicate across the small spaces that separate them? Since the 1920s, we have
understood that chemical neurotransmitters are a rapid and potent mechanism by which a
discrete cell conveys information to its neighbors (Loewi and Navratil, 1926). However,
the fact that discrete signaling elements are crowded tightly in nervous tissue is underexplored. The crowding sets up conditions such that certain extracellular ion
concentrations may be limited in supply (Montague, 1996). Thus, to understand how
neural tissue encodes and processes information, we have to understand if a competition
for external resources exists, and, if so, what that means for the function of the tissue.
Such a question urges us to seek biophysical – as well as computational – descriptions of
the brain.
Although synaptic transmission has been favored as the major means of communication
between nerve cells, it is almost certainly an incomplete description. Signals of synaptic or
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non-synaptic origin can diffuse through ECS and affect signal-readers, even at distant
sites. This mode of communication can function between neurons as well as between
neurons and glial cells, and, as I will show in this thesis, some mechanisms have the
property of bi-directional information transfer, which is not thought to occur with synaptic
transmission.
Changeux (1991) refers to such extracellular diffusion transmission as a
“...complementary, if not alternative mechanism to classical synaptic neurotransmission”;
for reviews, see (Fuxe and Agnati, 1991; Bach-y-Rita, 1993). As well, molecules that
diffuse isotropically through membrane, such as nitric oxide (NO), have been predicted
(Gally, et al., 1990; Montague, 1992) and shown to play a role in the brain (Bohme, et al.,
1991; O'Dell, et al., 1991; Shibuki and Okada, 1991; Schuman and Madison, 1991; Hoyt,
et al., 1992; Montague, et al., 1994; Schuman and Madison, 1994).
The consideration of signaling that extends beyond the synapse allows the threedimensional arrangement of neural elements to play a role in information processing. Such
a hypothesis would predict that if one could reproduce the synaptic connections of the
brain on a two-dimensional circuit board, the resulting machine would be insufficient for
the functional simulation of neural tissue.
Having introduced the proposed importance of extracellular signaling, I now narrow our
focus onto a particular method of extracellular signaling that is usually overlooked: if a
certain concentration of a molecular species exists uniformly in the ECS, then a negative
fluctuation can carry the same amount of information as a positive fluctuation. Thus a
decrease in the concentration of an extracellular species may be as important as an
increase in neurotransmitter concentration when a vesicle is released from a terminal. It is
this mode of extracellular signaling that I explore in this thesis. Specifically, I will focus
on changes in the concentration of external calcium ([Ca++]o). Whether significant
decreases in [Ca++]o will happen, and what information they may carry, are the issues
explored in this work.
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Cells, Energy, and Signaling
Before narrowing our focus onto the details and dynamics of calcium, I will set the
background by briefly asking how molecules come to play informational roles, and how
those roles can develop as the geometry around them evolves. In that spirit, I attempt a
crude illustration of the historical origin of molecular signaling.

1: Coding. In a pre-biotic soup, strands of DNA, RNA, and proteins may have been able
to achieve replication. However, the computations that could be performed were limited,
because there was no ability to construct potential energy stores (as will be made clear in
the next paragraph).

2: Energy storage and intracellular signals. The space of possible computations
increased greatly when micelles or larger lipid bilayer bubbles formed, creating an inside
and an outside. Energy could then be stored as differential concentrations of ions across
the membrane, where the concentrations outside are those found in the sea, and the
concentrations inside are greater or lesser, depending on the ion. Now, under the correct
circumstances – such as the insertion of a protein pore in the membrane – the energy
gradient can be drawn from. With the sculpting that comes from natural selection, the
stored energy can be drawn from to make a signal which leads to appropriate action. For
example, a buildup of intracellular calcium could be a signal to secrete, tumble, stop,
crenate, etc. (see Bootman and Berridge, 1995, for an overview of calcium signaling). A
cell can use energy (from sources such as light and food) to pump the ions back to resting
concentrations, thus restoring its ability to signal. Given the importance of drawing from
the energy gradient, it is no surprise that 90% of the body’s energy is used to pump ions
against their gradients (Almers and Stirling, 1984). Thus we arrive at a beautiful cycle,
honed into shape by Darwinian pressures: organisms need the energy gradient to fund their
alphabet of signals, and they need the alphabet to know how to track down sources of
energy. Of interest to the theoretical framework here is the fact that ions at sea-
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concentrations outside the cell become consequential intracellular signals just by dint of
when and where they follow energy gradients into the cell.

3: Dual role of the symbol. Now imagine several cells packed together, as with adhesion
molecules. Now the space outside a cell is not an ocean, but only the small volume
between it and the next cell. If the extracellular concentration of ions is sufficiently low
and/or the volume between cells is sufficiently small, then one cell’s consumption of ions
may affect a neighboring cell’s supply of that ion. When that is the case, drawing on the
energy gradient becomes a signal not only to intracellular mechanisms, but to neighboring
cells as well. The movement of an ion from outside to inside now represents at once two
signals: one to the inside of a cell, and another in the extracellular space. In other words,
an ion’s appearance in the cytoplasm can be equally as important as its disappearance from
the ECS. In this way, the ion accrues increasing accountability as the world around it
evolves, i.e., as the volume outside the cells shrinks due to cell-adhesion-mediated
encroachment of other cells.

Now the stage is set for the computational question: What does it mean for cells to signal
their neighbors? In the context of neural information processing, this is a difficult
question, struggling to reach the stage of hypothesis. Interspersed in the rest of this thesis
are my attempts to address this question.

The Extracellular Space in the Mammalian Brain
“Why should a man’s mind have been thrown into such close, sad,
sensational, inexplicable relations with such a precarious object as his
body?” – Thomas Hardy
I pursue the hypothesis that the mammalian brain, which is composed of ~1015 tightly
packed cells, may contain atoms that function in such dual roles as described above,
signaling different elements by their movement from outside to inside, or more generally,
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by dynamic changes in their concentrations on both sides of the cell wall. About one-fifth
of the mammalian brain is composed of the complex, networked, milieu outside of neural
elements, known as the extracellular space. “Space” is a bit of a misnomer, sometimes
conjuring images of empty volumes between cells. In fact, the extracellular volume is
packed tightly with elements of wide variety, from the rich extracellular matrix proteins
and proteoglycans, to the heads of proteins in the lipid bi-layer, to fluctuating cocktails of
neurotransmitter molecules, to diffusing species of ions. I will focus on the ions.

Calcium

The calcium ion is one of the most functionally important messengers known in the brain,
mediating functions from neurotransmission to cytoarchitectonics (Bootman and Berridge,
1995). I will ask whether the concentrations of extracellular calcium, coupled with the
geometry of the ECS and the kinetics of Ca++-fluxing channels, seems well-suited to
engender fluctuations in [Ca++]o.

Conditions that lead to fluctuations
As calcium flows from a cleft into a cell, calcium atoms from neighboring regions of ECS
diffuse into the cleft to fill in the decrement. The size of an external calcium fluctuation
will be a balance between (1) the speed at which Ca++ exits the ECS (through ion
channels), and (2) the speed at which extracellular diffusion can oppose the concentration
curvature. We examine these one at a time below, noting that for the study of rapid
neural activity (such as action potentials), consumption and diffusion live on millisecond
time scales, whereas calcium extrusion via exchangers and pumps operates on much
longer time scales, usually estimated at hundreds of milliseconds (Schatzmann, 1989;
Philipson and Nicoll, 1993; Helmchen, et al., 1996; Sinha, et al., 1997).
Ca++ will be rapidly drawn from the ECS. There exist extraordinarily large
electrochemical gradients for calcium. The free calcium inside a cell ([Ca++]i ) is estimated
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around 50 nM. Since [Ca++]o is measured between 1 - 2 mM (Jones and Keep, 1987), the
opening of voltage or ligand gated Ca++-fluxing channels exposes Ca++ atoms in the ECS
to an enormous outside-to-inside chemical gradient of about 40,000:1. Combined with an
electrical gradient (also pointing outside-to-inside at rest), there is an unusually large
driving force moving Ca++ atoms out of the ECS.
A large supply of calcium in the ECS could allow activity-related Ca++-influx with
negligible effect on the outside concentration. However, if we consider the volume of a
cleft measuring 0.8 µm x 0.8 µm x 0.02 µm = 0.0128 µm3 (this size will be justified
below), a concentration of 1.0 to 2.0 mM translates into 8,000 to 16,000 ions (Figure 1).
I will demonstrate that, in the absence of unknown compensatory mechanisms, this is too
few atoms to prevent significant changes in external calcium concentrations.

terminal
806nm

~12,000
Ca++ atoms

20nm
spine head

Figure 1. Model of a typically sized synaptic cleft.
A resting extracellular calcium concentration of 1.6 mM translates
into only about 12,000 calcium atoms.

Replenishment by extracellular diffusion is slowed by geometry. In the ECS of neural
tissue, diffusion is slowed by restriction to a tortuous geometry that is effectively less than
3 dimensions. Although the ECS makes up 20% of the brain’s volume, it is a thin
canalwork, on the order of 20 - 50nm across – and it is so sparse that it can only be
resolved by electron microscopy. Such a tight geometry slows the speed of extracellular
diffusion. As a result, fluctuations in concentration (positive or negative) will stay sizable
(detectable) for a greater distance and time (Figure 2).
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Restricted diffusion
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Figure 2. Restricted diffusion can structure a signal for a longer time.
A signal carried by molecular diffusion in three dimensions (free diffusion) will quickly lose
amplitude. However, if diffusion is restricted to a subspace (fewer degrees of freedom), as in the
extracellular space of neural tissue, the concentration front can remain structured and resolvable
for a longer time. This graph shows results of a Monte Carlo simulation of 10,000 randomly
walking molecules placed in the interstices between cubes and permitted to move. Two cases are
examined: (1) the cube adjacent to the released walkers is present (restricted diffusion), and (2)
cube adjacent to the walkers is absent (free diffusion). The upper traces show the number of
walkers in the restricted diffusion case; the decaying trace is measured at the point where the
walkers start, and the growing trace is measured at the other side of intervening cube. The lower
traces show the number of walkers in the free diffusion case - no intervening cube, but the two
measurements are made in the same place as the restricted diffusion case. Note the logarithmic
scale. Each cube is 0.806 µm on a side.

Functional effects of calcium fluctuations

Given our current knowledge of neural function, external calcium fluctuations will be
expected to produce many functional consequences. There are two general ways in which
changes in external calcium might be detected by neural elements. One is a direct sensing
of [Ca++]o, the other is a detection of the amplitude of calcium influx, as measured by
intracellular readers. Recent experimentation provides us with examples of both kinds,
which are reviewed below.
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Neurotransmission
Small decrements in [Ca++]o considerably reduce the probability of neurotransmitter release
(Figure 3). The relationship between [Ca++]o and release is approximately quadratic at the
squid giant synapse (Katz and

synapses in the cerebellum (Mintz,
et al., 1995), and CA1àCA3 fibers
in the hippocampus (Qian, et al.,
1997); at the neuromuscular

Postsynaptic response
(% Baseline)

Miledi, 1970), parallel fiber

120
100

100
80
60

60
40

30

20

9
0

0

junction, the relationship is

0

0.5

1

1.5

th

approximately 4 power (Dodge

[Ca++]o (mM)

and Rahamimoff, 1967). An
example of data from the cerebellum
is shown in Figure 3. It should be
noted that these are equilibrium
measurements; it is not yet known

Figure 3. Neurotransmission is sensitively
dependent on external calcium.
Data adapted from Mintz, Sabatini, and Regehr,
1995. The data shown here are similar to data
from the mammalian hippocampus (Qian, et al.,
1997).

for times shorter than 10 msec (Katz and Miledi, 1968) how quickly the transmission
probability can follow changes in external calcium.
Other processes that depend on calcium influx
Neurotransmitter release is but one of hundreds of intracellular processes known to
sensitively depend on the magnitude of Ca++-influx. A short list of other processes
includes production of messenger substances, exocytosis, gene regulation, plasticity,
cytoskeletal shaping, ion-channel modulation, the balance of kinase and phosphotase
activity, and general enzymatic activation; for a review, see (Bootman and Berridge,
1995).
Direct sensors of external calcium
We now know there are proteins that directly sense external calcium levels. Future
experimentation is likely to uncover more such proteins. The functions of such Ca++-
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sensing proteins may be vast, but are for the moment unclear to us. Here I will summarize
what is known of several proteins expressed in neural tissue.

Calcium sensing receptors: metabotropic

The calcium-sensing receptor (CaR)
Earlier this decade, the existence of a G-protein coupled calcium-sensing receptor (CaR)
in neural tissue was reported (Brown, 1991; Brown, et al., 1993; Ruat, et al., 1995;
Brown, et al., 1995; Vassilev, et al., 1997). This protein was originally identified in
parathyroid cells, where its job is to detect blood calcium levels. It is not yet clear what
the function of the CaR in neural tissue is, but its expression in the mammalian brain
suggests that fluctuations in external calcium are directly sensed, and may carry a
functional syntax.

The metabotropic glutamate receptor (mGluR)
A recent finding shows that the widely distributed metabotropic glutamate receptor
(mGluR) is activated not only by glutamate but also by extracellular calcium (Kubo, et al.,
1998). The authors provide compelling evidence that activation of the mGluR by external
calcium fluctuations not only occurs in physiological conditions, but is critical for normal
functioning. By mutating a single amino acid in mGluR1alpha, the authors were able to
reduce the calcium sensitivity; they then demonstrated that injecting the wild type and
mutant into mammalian cells caused different morphological outcomes.

Calcium sensing receptors: ionotropic

A calcium detecting channel
Last year, Xiong et al reported a non-specific, 36 pS cation channel which appears to be a
direct detector of extracellular calcium concentrations (Xiong, et al., 1997). The authors
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showed that rapidly lowering the calcium from 1.5 mM to 0.5 mM (which is in the range
of the fluctuations reported in this thesis), caused acutely isolated CA1 and cultured
hippocampal neurons to burst vigorously. The bursting was caused by the activation of
the previously undescribed non-selective cation channel, whose frequency of opening was
inversely proportional to the concentration of Ca++. In coming years, this will most likely
be just one of several demonstrations that neurons respond directly to changes in the
extracellular concentration. It is not currently known whether these cation channels are
inserted at locations other than the soma (for example, are they present at synapses?).

Changing channel properties
It is likely that dozens – if not hundreds – of channels will modify their kinetics in response
to extracellular calcium concentrations. One example is the NMDA-R, whose current
voltage relationship is linearized in low external calcium (Johnston and Wu, 1995). A
similar example is the linearization of the current-voltage relationship found in a proctolinactivated current in crab stomatogastric ganglion: in normal [Ca++]o, the channel displays
inward rectification like an NMDA-R; as external calcium drops, the I-V curve becomes
linear (Golowasch and Marder, 1992).
Similarly, external calcium ions are critical players in K+-channel gating in squid neurons.
For example, it has long been known that increasing [Ca++]o from 20 to 100 mM slows K+
channel opening (Armstrong and Matteson, 1986). Relatedly, when lowering [Ca++]o from
10 to 0 millimolar, K+-channels lose their ability to close and simultaneously lose their
selectivity (Armstrong and Lopez-Barneo, 1987).

Modulation of VGCCs
Of burgeoning importance in our understanding of calcium currents is the neurotransmitter
(NT)-mediated modulation of voltage-gated calcium channels (VGCCs). The typical
picture is that NT binds to a receptor, which activates Go-type G proteins, and the Gproteins interact directly with the Ca++-channel complex (Stanley and Mirotznik, 1997;
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De Waard, et al., 1997; Zamponi, et al., 1997). It may turn out that VGCC modulation by
G-protein-coupled receptors is as fundamental and ubiquitous as the intrinsic voltagemodulation of these channels.
During the first two-thirds of this thesis, I simulate the effects of Ca++-channel
modulation by exploring a range of total calcium consumption per action potential. In the
final sections, I employ models of realistic calcium channels, and explore NT-mediated
modulation of the model’s kinetics.

Estimates of channel density and total current
Calcium channels mainly cluster at NT release zones (Smith and Augustine, 1988; Smith,
1992). The density of channels at these so-called active zones is estimated by a
combination of structural and physiological methods (Smith and Augustine, 1988;
Roberts, et al., 1990; Robitaille, et al., 1990; Smith, 1992). Such estimates coarsely
predict a density of 1000 channels/µm2, and an active zone of 0.5 µm in diameter, which
translates to ~200 channels per active zone. There is an indication that some fraction of
the pre-synaptic calcium channels will be downregulated by G-protein inhibition mediated
by syntaxin, a membrane protein associated with NT release (Stanley and Mirotznik,
1997); therefore it is unlikely that all 200 channels will be able open during an action
potential invasion. In the absence of knowing exactly how many channels open, the
calcium influx question may be asked another way: what is the total number of atoms that
move inside the terminal during an action potential invasion?
In 1997, Helmchen, Borst, and Sakmann reported the results of overloading a specialized
central terminal (the Calyx of Held) with the Ca++-indicator fura-2. Overloading the
terminal is a method that attempts to capture (and signal) all incoming calcium atoms.
The group estimated that 2.5 - 3 million calcium ions entered the terminal during an action
potential invasion – then, assuming there are 210 release sites (Borst and Sakmann, 1996),
they concluded that approximately 14,000 atoms enter through each active zone. For
most of the simulations in this thesis, I will employ this estimate of 14,000 Ca++atoms/active zone/spike.

21

D. M. Egelman, Computational Properties of Extracellular Calcium Dynamics

One may attempt to ask how many calcium channels such an influx corresponds to. In
general, the total number of ions, N, entering a pre-synaptic terminal can be described by:
N =

Q
Q
I (t )dt =
g (t )V (t )dt
∫
2e
2e ∫ Ca

(1)

where Q is the number of channels, e is the elementary electrical charge (1.602 x 10-19 C),
I(t) is the single channel current, gCa(t) is the single-channel conductance, and V(t) is the
effective voltage (driving force). I have found that plugging in mathematically convenient
simplifications for the functions gCa(t) or V(t) leads to quite bad estimates of the number of
channels required to flux a fixed number of atoms. Therefore, in later parts of this thesis I
will combine my simulations of extracellular diffusion with numerical integration of
Equation 1, using models of calcium channel kinetics and measured action potential
waveforms to determine gCa(t) and V(t). With that method, I will show (at least for certain
combinations of Ca-channel subtypes) that approximately 75 channels are needed to flux
14,000 atoms.

Densities on dendrites
Voltage gated calcium channels also exist on dendrites. As for their density, a report by
Magee and Johnston (1995) estimated 6±0.6 channels per patch. These measurements
were made electrophysiologically using standard cell-attached patch clamp techniques, and
the total number of open channels in a patch was estimated by counting the number of
steps in the current, each of which is thought to represent a single channel opening. The
numbers obtained by this method represent a lower bound on the number of channels per
patch, since not all channels present may have opened, and thus are not “seen” by this
technique. The 10 MΩ , fire-polished pipettes they used most likely have a diameter of 0.5
- 1 µm (Dax Hoffman, Nick Poolos, Rick Grey, personal communication), which
translates, in an undeformed patch, to a surface area of 0.4 - 0.75 µm2. When we take
into account the blebbing of the patch into the pipette, we might expect that area to
increase up to several fold. Thus, Magee and Johnston’s report of ~6 channels per patch
may translate into 2 - 14 channels per µm2, depending on the size of the accessible
membrane surface area. In several cases, the authors found “greater than 15 channels per

22

D. M. Egelman, Computational Properties of Extracellular Calcium Dynamics

patch”; this may translate to over 35 channels/µm2. Thus, we explore a large range of
calcium channel densities. After each study, I will discuss the parameter ranges that lead
to significant extracellular signals, and those that do not.

Compensatory mechanisms?

It may be the case that some undiscovered compensatory mechanism protects neural tissue
from rapid external calcium fluctuations; however, many compensatory mechanisms are
not plausible based on simple physical arguments.
We will consider 5 possible compensatory mechanisms here: (1) Ionic channels that
rapidly flux calcium into the ECS, (2) pumps and co-transporters, (3) buffers, (4) charge
screening, and (5) calcium inside released neurotransmitter vesicles.

Ionic channels. Any ionic channel permeable to calcium will cause the uni-directional
movement of calcium out of the extracellular space because of the extreme calcium
gradient established by cells: 1.5-2.0 mM outside and 50-100 nM inside translates into a
15,000-40,000:1 outside to inside gradient. This extreme gradient is the main reason that
calcium currents through ionic channels do not reverse. Taking a look at the ionic current
across a membrane:

I Ca = gCa (Vm − ECa )

RT [Ca ]out 
I Ca = gCa Vm −
ln

zF [Ca ]in 


(2)

where gCa is the calcium conductance and can be a complicated function of time, voltage,
and other factors. Eca is the equilibrium potential for calcium and is ~143 mV; therefore,
the second factor Vmem - Eca is almost always negative, since Vm rarely exceeds this
equilibrium potential under normal conditions. The above equation is not generally useful
for capturing calcium currents (instead the Goldman-Hodgkin-Katz equation is used to
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capture the rectification), however, it is used here for illustrative purposes. Because of the
large gradient, it is unlikely that an ionic channel that fluxes calcium could counteract the
expected fluctuations in external calcium by passing calcium in the opposite direction.

Pumps and co-transporters. Calcium pumps and co-transporters will also be ineffective
for counteracting the rapid fluctuations that we present in this paper since they move
calcium back into the extracellular space 2-4 orders of magnitude more slowly than ionic
channels steal it (Schatzmann, 1989; Philipson and Nicoll, 1993; Helmchen, et al., 1996;
Sinha, et al., 1997). A typical time constant for first-order extrusion through pumps is
200 msec.

Buffers. Many proteins in the extracellular matrix can buffer calcium. In this thesis I
make the assumption that the effect of buffering is to impede extracellular diffusion; thus
the degree of buffering is subsumed in the diffusion coefficient (see next section,
“Diffusion coefficient and tortuosity in neural tissue”).

Charge screening. Given the concentrations of other cations in the ECS, calcium atoms
constitute less than 1% of the positive charge, and therefore the screening of negatively
charged proteins on the surface of biological membranes might be assumed to receive only
small contributions from calcium. Therefore, I have made the assumption that most of the
Ca++ atoms are free to diffuse in the ECS without much effect of charge screening.

Calcium inside neurotransmitter vesicles. Calcium exists at a concentration of about 10
mM inside neurotransmitter vesicles. If we take the volume of a single vesicle to be that
of a 50 nm diameter sphere, that corresponds to only 750 molecules of Ca++, which, for a
single vesicle released into a cleft, makes only about a 6% contribution to the resting
levels.
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In conclusion, we have discovered no immediately obvious mechanisms that will
counteract the changes in external calcium concentrations in this thesis.

Diffusion coefficient and tortuosity in neural tissue

Calibration to neural tissue. The diffusion of Ca++ atoms in the networks of
neural ECS will be slower than free diffusion, due at least to geometrical boundaries and
buffering. The character and extent of extracellular calcium buffering is largely unknown,
but presumably the effect of ECS buffers will be subsumed in the local diffusion
coefficient. There are currently no measures of local diffusion coefficients, but the past
two decades have given us several studies of long-distance diffusion parameters in the
mammalian brain. Experiments were pioneered in the early eighties in which a current of
test ion was injected in one location in the brain, and the building concentration profile
was measured at a distant site (30-200um away) (Nicholson, 1980; Nicholson and Phillips,
1981; Sykova, 1997). The results yield a dimensionless, empirical parameter called
tortuousity, λ. Tortuousity relates the free diffusion coefficient, Dfree, to the effective
diffusion constant, Deff:

Deff =

D free

λ2

(3)

Under non-pathologic conditions, λlives within a narrow range of 15
. ≤λ≤17
. . This
range encompasses measurements in different species, over different parts of the brain, and
made with cations (calcium, tetramethylammonium, tetraethylammonium) or anions
(alpha-naphthalene sulphonate and hexafluoroarsenate) (Nicholson, 1980; Nicholson and
Phillips, 1981; Sykova, 1997). A value of λ=1.6 reduces Deff from 600 µm2/sec in free
solution to 234 µm2/sec in the brain.
Tortuosity involves paths through the bulk geometry; thus, such a measurement
does not address the speed with which a molecule can cross an individual synaptic cleft,
i.e., it does not specify the diffusion coefficient locally. Therefore, I set about to
determine the value of λinherent in the cubically-packed geometry that I will use in this
thesis, in order to set bounds for a parameter range of local diffusion coefficients. To this
25

D. M. Egelman, Computational Properties of Extracellular Calcium Dynamics

end, I initialized 10,000 random walking atoms at a central point in a cubically-packed
volume of IUs, and measured the RMS distance of the walkers as a function of time
(Figure 4A). This allowed me to use equation 3 to determine λby the following:

rrms =

6 Deff t

⇒

λ=

6 D free t
rrms

(4)

where the RMS distance of the walkers, rrms, is measured as a function of t (Crank, 1975).
When Dfree is set to 600 µm2/sec, the geometry of our simulated tissue yields Deff=395
µm2/sec, which means λ=1.23. Two possibilities, or a combination of the two, will
account for the remaining slowing of diffusion measured in real tissue: (1) Dlocal is less
than 600 µm2/sec, reflecting local extracellular binding, and/or (2) the extracellular space
can be made more tortuous, as by the combination of the cubic units into larger units, or
equivalently, some of the clefts can be clogged, acting as barriers to diffusion (Figure 4B).
Since there is no way to cleanly balance these two possibilities, I explore a wide parameter
range, using Dlocal=300 µm2/sec and Dlocal=600 µm2/sec as lower and upper bounds.
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Figure 4. Diffusion within the extracellular space of the mammalian brain.
Diffusion within the extracellular space (ECS) is slower than in free solution. In the
nervous system, a single phenomenological parameter called tortuosity (λ) has been used
to characterize the measured reduction in the free diffusion coefficient for movement in
the ECS (e.g. see Nicholson and Phillips, 1981 or Sykova, 1997). Tortuosity is a stable
number (1.5<λ<1.7) for calcium (Nicholson, 1980), and is the same for monovalent
cations and anions (Sykova, 1997).
A. Root-mean-square distances for 10,000 random walkers versus time. Top trace
(D=600 µm2/sec) and bottom trace (D=200 µm2/sec) show results for unrestricted
diffusion. Middle trace shows results in the presence of cubic intracellular units (IUs) for
D=600 µm2/sec (9x9x9 IUs). Introduction of these boundaries slows diffusion and
approximates free diffusion of a species with D=395 µm2/sec.
B. A combination of geometrical constraints and buffering serves to reduce the measured
diffusion coefficient in the ECS. Left - barriers in the ECS reduce the measured diffusion
coefficient by increasing path length. Right - even in the absence of physical barriers,
buffering by the extracellular matrix could approximate a reduced diffusion coefficient
throughout the ECS.

Approach to the problem
“If you wish to advance into the infinite, explore the finite in all directions”
– Goethe
Although few problems in neurobiology can be computed exactly, my goal is to present a
computational scheme that allows me to calculate calcium changes given a range of
several parameters. It is important to keep the simplifications of the model in mind.
However, though many biophysical complexities are omitted, my hope is that the model
here may highlight some general principles at work in neural tissue.
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Ion-sensitive microelectrode studies clearly support the hypothesis that extracellular
concentrations change drastically, both under normal and pathologic conditions
(Nicholson, et al., 1978; Nicholson, 1980; Benninger, et al., 1980; Nicholson and Phillips,
1981; Zanotto and Heinemann, 1983; Hamon and Heinemann, 1986; Stanton and
Heinemann, 1986; Mody and Heinemann, 1986; Arens, et al., 1992; Lucke, et al., 1995;
Sykova, 1997). However, the tip of such electrodes are ~3 µm in diameter, which is
approximately 150 times greater than the width of a single cleft. Experimental techniques
do not yet exist that allow us to rapidly measure [Ca++]o in the exquisitely small volumes of
individual synaptic clefts. Thus, analysis is available only at the mathematical and
simulation level.

In the next section, I will present three different ways one could approach the analysis of
calcium fluctuations. Analytic calculations are possible in principle, but are too complex
to carry out practically, given the number of boundary conditions required to simulate
even a simple model of neural tissue. Monte Carlo techniques are a traditional choice for
simulating diffusion in complex geometries, but incur too much computational cost for our
purposes. I have thus engineered a finite-difference model that allows me to capture, as
simply and generally as possible, the characteristic profile of [Ca++]o dynamics in the ECS,
and that is presented in the third section, below.
Analytic Calculations

This thesis rests throughout on the assumption that the movement of the extracellular
molecules can be modeled by free diffusion, subject to geometrical constraints imposed by
membranes and the extracellular matrix. This assumption is well-supported by data in
which an ionic current is injected in one region of a brain slice, and the building
concentration profile measured at a distant site is quite well matched by analytic diffusion
equations (Nicholson, 1980; Nicholson and Phillips, 1981; Sykova, 1997).
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In general, one can model the diffusion of molecules in the extracellular space with a
differential equation representing their density at a given point in space:

∂C ∂  ∂C 
=
D 
∂t ∂x  ∂x 

(5)

where C represents concentration, x is distance, and D is the diffusion coefficient.
For the purposes of this study, I have assumed isotropic diffusion, i.e., D is equal in all
three dimensions; in that case, the equation becomes:

∂C
∂2 C
=D 2
∂t
∂x

(6)

For completeness, these equations are briefly derived here from a description of random
walking molecules in the limit as the step length and time step of the walkers go to zero
(Crank, 1975). In one discritized dimension, at time t, take the number of walkers at x and
x + δare N(x) and N(x + δ) respectively. At time t + τ,assume that half of the walkers at
each location will step to the left, and half will step to the right. The net number of
walkers that cross the boundary between x and x + δin the direction of x + δis:
#walkers = -½[ N(x + δ) - N(x)]

To find the flux (Jx) across the boundary, divide by the area (A) normal to the axis of
movement and by the amount of time (τ) allowed for the particles to move.
Jx = -½[ N(x + δ) - N(x)]/Aτ
To get this equation in a convenient form (with D in it), multiply by δ2/ δ2. Re-arrange:

δ2 1 N ( x + δ) N ( x ) 
1 N ( x + δ) N ( x ) 
Jx = −
=
−
−
−
D
2 τ δ
δ
Aδ 
Aδ 
 Aδ

 Aδ


Since concentration C(x)=N(x)/Aδ, the flux equation is now in the form of Fick’s first
law:
Jx = − D

1
∂C
C ( x + δ) − C ( x )]= − D
[
δ
∂x
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Now consider a box contained by two such boundaries separated by distance δ. The
change in concentration inside the box per unit time will be the number of walkers that
enter into the box, minus the number of walkers that leave from the other side, divided by
the volume of the box Aδ.
1
1
Aτ
1
C (t + τ) − C (t )]= −
J x ( x + δ) − J x ( x )
=−
J ( x + δ) − J x ( x )
[
τ
τ
Aδ δ x

[

]

[

]

As δand τ approach zero:
∂C
∂J x
=−
∂t
∂x

∂C
∂2 C
=D 2
∂t
∂x

This is Fick’s second equation, which states that the changes in concentration with respect
to time are proportional to the curvature of the concentration gradient in space.

The resulting partial differential equation (Equation 6) allows us to define initial conditions
and calculate the spatial and temporal evolution of the concentration profile. The solution
can be extended to represent diffusion in more geometrically complex situations. For
example, reflection at a plane boundary can be represented as the summation of the above
equation with an infinite (but usually truncated in practice) number of equivalent equations
positioned appropriately on the other side of the boundary (Crank, 1975). However, as
the geometry of the problem becomes increasingly complex, the number of incurred
equations increases. For the purposes of modeling a simple representation of cortical
tissue, numerical analysis becomes unwieldy because of the complexity of the geometry,
and the arbitrary timing of activity.
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Monte Carlo Techniques

There is a further option for modeling
diffusion: one can simulate the movement of
the molecules with a Monte Carlo (MC)
method. Monte Carlo modeling of molecular
dynamics consists of examining the time
dependent behavior of an ensemble of
molecules. This is most often done within a
classical mechanical description. The usual
scheme is that some number of molecules are
given initial positions and velocities. New
positions are calculated a small time later

Figure 5. Monte Carlo simulator.
Each random walker (dot) in the
interstices between boxes represents
calcium ions.

based on each walker’s randomly oriented
steps, and this process is iterated thousands of times.
More generally, a Monte Carlo method is one in which sequences of random numbers are
used to generate a simulation. The advantage of a Monte Carlo simulation is that one can
forgo the differential equations describing a physical system in favor of simulating the
physical process directly. This requires only that the physical system can be described by
probability density functions (pdf’s), which are randomly sampled by the simulation.
Many Monte Carlo trials can be performed, and the desired result is taken to be the
average over individual trials. This description applies well for modeling diffusion, with
the pdf prescribing the probability of taking a step of particular sign and amplitude along
each Cartesian axis.
The advantages of a MC method are most clearly appreciated when simulating diffusion
within a complex geometry, because increasing the numbers of boundaries makes analytic
calculations prohibitively difficult (see above). The time step, τ (interpreted as a time
small enough for a molecule to move in a straight line), is chosen to yield a reasonable step
length, δ(for fixed D; more on this below). Generally, reducing the error in Monte Carlo
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simulations is costly, because increasing the number of calculations x times only reduces
the error by

( 1x ) 2
1

(Bartol, et al., 1991).

In the course of this thesis work, I developed a series of Monte Carlo simulators that
allow me to conveniently define cubes (or spheres), diffusion constants, time steps, and
walkers, allowing me to simulate diffusion – as well as consumption and replenishment –
in a variety of conditions.

Monte Carlo Validity Tests and Error Minimization

To determine the proper working of the MC model, I ran a series of simulations with
different time steps, τ, and compared the outcome to analytical results. For walkers
released from a point source, the solution to the three-dimensional diffusion equation is:
C (r , t ) =

N
− (r 2 / 4 Dt )
e
( 4 πDt )3/ 2

(7)

Where C is concentration, r is radial distance, and D is the diffusion coefficient. In this
and all other Monte Carlo runs, I explored a range of diffusion constants from D=300 600 µm2/sec, and used a step length δ= 5nm (unless otherwise noted). In general, to
match analytic results with Monte Carlo models, the step length, δ, should be no greater
than half the smallest cleft the walkers may encounter -- in this case, a 20 nm cleft. Step
length choices (in conjunction with the limited range of realistic choices for D), determine

δ2
the time step τ by the relation D =
(in three dimensions; Crank, 1975). In my
6τ
simulations, this corresponds to τ=7 nsec when D = 600 µm2/sec. In order to determine if
the error of τ = 7 nsec was too great, I ran a series of simulations with different τ’s and
compared the results. The error introduced when τ = 1 µs is not much more than the
error at τ = 7 nsec (data not shown). Therefore my time step was within proper range to
minimize the error.
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The art of Monte Carlo modeling is to choose a step size small enough to match analytic
results, while counter-balancing against computational cost. All simulations were run with
a minimum of 5,000 walkers.

In conclusion, a Monte Carlo approach to simulation of diffusion can work well. But for
the analysis of larger volumes of tissue, over longer time scales, I realized a new approach
was necessary. My approach is explained in the next few sections. The new approach is
then compared and calibrated against Monte Carlo simulations.
Modeling the Extracellular Space with Finite Difference Methods

In order to implement the partial differential equation describing diffusion in a computer
simulation, one can use a finite difference equation with δand τ for the space and time
steps.
Recall the partial differential equation describing diffusion:

∂C
∂2 C
=D 2
∂t
∂x

(8)

The most basic version of the finite differencing, in one dimension, looks like:

C tj + 1 − C tj
τ

C tj + 1 − 2C tj + C tj − 1 
= D

δ2





(9)

Where j indexes the discretized spatial parameter, and the superscripted t indexes the time
step. One way to implement this in the computer is to grid a 3-dimensional volume into
“voxels”, each of which holds a state variable representing its concentration. Each voxel
communicates with its immediate neighbors, and each iteration of the simulation
represents a discretized exchange of concentrations across voxel borders. The finite
difference equation is written more generally as follows:

C tj + τ − C tj =

τ
D ∑ (C j − C k )
δ2 k ∈neighbors
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In three dimensions, for example, each voxel in a cubic lattice might communicate with six
neighbors; thus, k would sum over the six nearest neighbors. The precision of the results
will depend on the choices for δand τ, which must be sufficiently small such that no large
changes happen in a given spatial- or time-step. High accuracy is possible; however, one
must be practical when choosing δand τ, because the number of spatial (and temporal)
values at which Equation 10 must be evaluated can become quite large. As an added
caveat, care must be taken to set δand τ appropriately so that the equation converges on a
solution. The equation only is stable when
τ
1
2 D <
δ
k

(11)

where, again, k is the number of neighbors summed over. The art is to counterbalance
accuracy against computational expense.
Such finite difference schemes are formally equivalent to cellular automata models,
wherein each unit holds onto a single state variable (in this case, its concentration), and
updates that value according to local rules. The genesis of my approach, presented in the
next section, was to weave together two species of cellular automata: intracellular and
extracellular elements. The idea is that both types will update their concentrations based
only upon local rules. Such a model allows consumption and replenishment by the
intracellular units, and the simulation of diffusion throughout the communicating network
of the ECS.

The Finite Difference Model, a.k.a., E.C.S.

The approach. I begin with the idea of a generalized intracellular unit (IU), sized to
represent an axonal bouton or spinehead (Figure 6). The sidelength of each cube is
typically set to 806 nm, yielding the same volume as a 1 µm diameter sphere (later I will
examine the effects of changing this size). Larger elements, such as dendrites and somas,
can be formed by linking together elementary IUs. The units are packed tightly together,
with an extracellular space (ECS) width on the order of 20nm.
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Intracellular
Unit (IU)

Cleft

Extracellular Space Units
(ECS units)

806 nm

Figure 6. Discrete space model.
Elementary intracellular units (IUs) are cubes of 0.806 µm on a side, yielding the same
volume as a 1.0 µm diameter sphere. The clefts between the IUs are subdivided into
smaller ECS units with side lengths of 115 nm (i.e., subdivisions of 7x7). Each ECS unit
holds the average calcium concentration in that region. Time step varies from 0.5µsec 2µsec, which simulates diffusion with very little error at the specified spatial scales. At
each time step, each ECS subunit updates its concentration as a function of the
concentration of its contiguous neighbors, and as a function of the activity of the
intracellular units with which it is in contact.
Diffusion. The ECS in the model is subdivided into small parallelograms called
ECS units (Right panel, Figure 6). Each ECS unit holds a single state variable C(τ), which
represents the average concentration in that volume at time step τ. At each time step,
ECS units update C(τ) as a function of the concentrations of adjacent ECS units. It is
straightforward to interpret the units as a discretized physical space, the variables as the
local average concentration of Ca++ atoms, and the evolution rules as diffusion of these
atoms.

Consumption. The IUs, positioned on a simple cubic lattice, consume and extrude
calcium. For consumption, an IU can either be in an active or inactive state (active
because of depolarization, ligand binding, intracellular cascades, etc.). In the active state,
consumption takes place through some fraction of the surface of the IU, called the
consumption zone. In the model, consumption is summed up in a single parameter

35

D. M. Egelman, Computational Properties of Extracellular Calcium Dynamics

Pc∈ [0,1]. This parameter is engineered to correspond to Monte Carlo simulations: its
value can be thought of as the probability that a random walking ion bumping into an
active zone of the IU will be drawn in.
While Pc is a function of channel distribution and open probabilities, I take a
straightforward approach to model action potential (AP) invasion, simply adjusting Pc
such that an active zone consumes some desired number of ions during a time step
approximately the width of an action potential (see below), as this integrated current is
experimentally available (Helmchen, et al., 1997). The discrete dynamics for consumption
are derived from a simple statistical argument: if N random-walking particles exist a cleft,
the fraction within striking distance of the cell surface (in some fixed time t) is given by the
ratio of the steplength, λ, to the total cleft height, Z:
number of atoms within striking distance =

λ
N
Z

(12)

where λ= vt , and v represents the average velocity of the particles. Assuming that half
of the atoms in this volume will take a step toward the surface, and the other half away,
only half the atoms in the volume will strike the surface in the next time step. Of those,
some fraction will flux into the cell, as determined by Pc. Thus:
1λ
dN
=N Pc
dt
2Z

(13)

The discretization of this equation yields a simple update rule at each time step.

Extrusion. In line with much experimental and modeling data, calcium extrusion is
taken as a first order function of [Ca++]i (Tank, et al., 1995). The extrusion rate is
adjusted to yield a [Ca++]i half-life between t1/2 = 35msec (Sinha, et al., 1997) to several
hundred milliseconds (Regehr and Tank, 1990; Tank, et al., 1995; Helmchen, et al., 1996).
The update rule is derived from the following first-order solution:
Cint (t ) = Cint ( 0)e kt / t * , where k=ln(1/2)

(14)

where Cint is the intracellular concentration underlying an ECS unit, and t* is fixed
between 35 - 200 msec. I explored two models of replenishment: in the first, the side of
an IU only replenishes calcium that it took from the cleft it contacts. In the second model,
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Ca++ is extruded equally from all six sides of the cube, as a function only of [Ca++]i . Both
models carry assumptions about the internal diffusion on Ca++ within an IU— the first
model assumes that the intercellular diffusion constant is slow enough to be ignored, and
the second assumes long-distance travel in times that are likely to be unreasonably short.
For the studies presented in this thesis, I employ the first version of the model -- thus, an
IU replenishes Ca++ into the ECS unit from which it took the Ca++, i.e., I ignore slow
intracellular diffusion.

The finite difference model can be thought of as interacting lattices, with the ECS
units and intracellular units each holding a set of discrete variables, updated synchronously
at each time step.
The concentration change in continuous form is described by:

∂C ( x , t )
∂2 C ( x , t )
=D
- sinks + sources
∂t
∂x 2

(15)

where the “sinks” term stands for the fast consumption through Ca++-fluxing channels, and
the “sources” term represents the slow replenishment by pumps and exchangers, and the
3-dimensional vector character of x is left implicit.
We implement the dynamics discretely, using the following equation to calculate
the change in concentration for each ECS unit, i:

∆Ci = fluxes − sinks + sources
∆Ci =

τ
2 − (1 −
D ∑ (C j − Ci ) − [
δ2
j

λ
2Z

Pc1 ) τ/ θ + (1 −

λ
2Z

1
2
Pc2 ) τ/θ ]Ci + (1 − e kτ/ t * )[
Cint
+ Cint
](16)

where τ is the timestep of the simulation (2 µsec), δis the distance between the centers of
the ECS units (≤161.2 nm), D is the local diffusion coefficient, and j sums over
contiguous ECS neighbors (up to 12 in three dimensions). The second term represents a
depletion due to ion channels. Z is the the cleft height (20 nm), and P1c and P2c are the
consumption probabilities (per Monte Carlo time step θ) at the 2 IUs touching each ECS
unit. λ= 2Dθ is the average Monte Carlo steplength (along each Cartesian axis) of a
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random-walker in time θ (where θ is the Monte Carlo time step, 50nsec). The choices for
τ and δwere carefully calibrated against the Monte Carlo model.
A quick inspection shows that θ needs to be on the order of 50 nsec; otherwise, the
steplength of each walker would be close to or greater than the cleft height. In the finitedifference simulations, the time step τ = 2 µsec = 40 x 50 nsec; therefore, the second term
is raised to an exponent (τ/θ), or in this case the 40th power. This latter maneuver allows
us to account for the depletion that takes place in (τ/θ) instances of θ-size ticks. A quick
example will illustrate: According to Equation 13, after a θ=50 nsec time step, the new

[

]

concentration in the cleft will be C (t + θ) = 1 − (λ/ 2 Z ) Pc C (t ) . To represent the passage
of τ = 2 µsec (finite difference time step), we iterate the consumption (τ/θ) times (in this
case, 40 times), which yields a new cleft concentration of

C (t + τ) = [
1 − (λ/ 2 Z ) Pc ] C (t ) . The total change in cleft concentration after τ=2µsec is
τ/ θ

[

]

∆C (t + τ) = 1 − [
1 − (λ/ 2 Z ) Pc ] C (t ) . Equation 16 accounts for both IUs contacting the
τ/ θ

ECS unit, hence two absorption probabilities: P1c and P2c. The above representation of
consumption agrees to within 1% error to Monte Carlo simulations (as we will see in the
next section), and reduces computational time by 4 orders of magnitude.

Finally, the third term in equation 16 represents first order extrusion from the 2 IUs
adjacent to the ECS unit.
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The choices for τ and δwere carefully calibrated against Monte Carlo simulations. The
cleft height, Z=20nm, is the accepted size in the central nervous system. The local
diffusion coefficient, D, is justified below and in Figure 4.
Equation 16 represents a simple and straightforward way to represent the
geometry in question. Setting up the computation in
this manner is more feasible than an analytic
approach, which incurs too many boundary
conditions, or a Monte Carlo approach, which is
prohibitively time-intensive for large volumes of
tissue.
A graphical representation of the E.C.S.
model is shown in Figure 7. All simulations were
programmed in C on a Silicon Graphics machine.
Except where otherwise noted, simulations
used the following parameter values:

parameter
τ (timestep)_
δ(distance between ECS units)
Z (cleft height)
D (local diffusion coefficient)
Pc (consumption parameter)

Figure 7. Screen shot of the
finite difference model.
Each cube represents an
intracellular unit of side 0.806µm.
Local rules account for the
diffusion of calcium in the
interstices.
value
2 µsec
115 nm
10 - 100 nm
300-600 µm2/sec
0.0 - 1.0

Is the driving force for calcium affected by external fluctuations?
A quick inspection shows that this model does not take into account changes in the driving
force for calcium imposed by the changing extra- or intracellular concentrations, i.e., Pc is
independent of [Ca++]. A brief justification follows.
If we ignore rectification and merely employ the Nerst equation, driving force is
proportional to the log of the ratio of concentrations (calcium outside vs inside), doubling
or halving the external calcium concentration (say from 2.0mM to 4.0mM or to 1.0mM)
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only causes a minor driving force change. This may be seen by examining the Nerst
equation (derived by setting the cross-membrane current to zero in the Nerst-Planck
equation):

ECa =

RT [Ca ]out
ln
zF
[Ca ]in

(17)

Setting temperature to a physiologic 37°C, and the valence on calcium z=2:

ECa = 31mV log10

[Ca ]out
[Ca ]in

(18)

(At experimental temperatures of t=20C, the coefficient is 29mV). If, for illustration, we
take the current through a calcium channel to be ohmic, we have the familiar relationship:

I Ca = gCa (Vm − E Ca )

(19)

Substituting,

(

[ ])

I Ca = gCa Vm − 31mV log

[ Ca ]out
[ Ca ]in

(20)

The component in parentheses is the driving force. Setting [Ca ++]o = 2.0 mM and [Ca++]i
= 50 nM, we see that the 40,000:1 ratio yields a driving force of -212.7 mV (taking Vm to
be, say, -70 mV). Doubling the external calcium concentration to 4.0 mM only causes the
driving force to increase to -222 mV. Halving the extracellular concentration to 1.0 mM
produces a driving force of -203.3 mV. Thus, even though a dramatic change in external
calcium transpired, the driving force changed by a mere 9.3 mV (4.4%) in either direction.
Thus, while external calcium fluctuations may have large functional effects, the driving
force on the atoms remains largely unchanged.

Comparison of the Finite-Difference and Monte Carlo Models

I benchmarked the finite-difference model’s performance against Monte Carlo (MC)
simulations of diffusion. In the MC simulator, the positions of random walking molecules
are updated in parallel at each time step. My assumption of isotropic diffusion dictates a
simple symmetric probability distribution function of moving to the right or left along each
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axis. In Figure 8A, the MC simulator is compared against the analytical result for free
diffusion from an instantaneous point source:
C (r , t ) =

N
− (r 2 / 4 Dt )
e
( 4 πDt )3/ 2

(21)

where C(r,t) is the expected concentration at radial distance r at time t, N is the number of
molecules that started at the pointed source, and D is the diffusion coefficient. Further
tests of the MC simulator covered a range of diffusion coefficients, as well as reflections
from boundaries (data not shown). In those and the following simulations, the time step θ
= 50nsec translates to a fixed steplength (per axis) λ=5.5nm when D = 300um2/sec, and
λ=7.7nm when D = 600um2/sec. The number of walkers released was between 5,000 and
106. With these parameters, the MC simulation matches the analytic results within less
than 1%. Reducing the steplength λor timestep θ further increased the computational
expense without significantly reducing the error.
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Figure 8. Calibration of the models: Finite Difference vs. Monte Carlo.
(A) Monte Carlo calibration to free diffusion. Solid line shows the analytically expected concentrations
averaged over 5 runs, wherein 5,000 random walkers were released in the middle of a volume with no
barriers. The concentration of walkers is assayed in successive concentric spherical shells.
(B) To compare the function of the two models, diffusion was turned off so consumption could be assayed
alone. Solid lines show the finite-difference model calculation for concentration in the cleft for two different
values of Pc. Dotted lines show monte carlo simulation, same conditions, 10,000 walkers.
(C) To compare diffusion, a single cleft is filled to resting levels (1.6mM), and the concentration is measured
as the molecules diffuse into neighboring extracellular space. Solid lines: finite-difference model calculation
for concentration in the cleft (upper trace), a contiguous cleft (middle trace), and 2 clefts away (bottom
trace). D=600µm2/sec. Dotted lines: analogous monte carlo simulation, 10,000 walkers.
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After comparison against analytic equations, we constructed our MC simulator to
have the same geometry as the E.C.S. model: IUs were packed cubically into the
volume, the cleft heights Z were the same (20 nm), and the size of the volumes were the
same (usu. ~7 µm on a side). A minimum of 6x105 random walkers were placed at
random in the interstices, and the positions of all walkers were updated in parallel at each
time step. The initial random distribution meant there was no stratification along any axis
of the cleft. Upon crossing the plane of an active zone, a walker’s probability of getting
consumed (rather than bouncing off) is defined by the active zone Pc, exactly the same
variable as described for the discrete model (again, Pc=0 for inactive units, and 0<Pc≤1.0
for consuming units).
Extrusion is a first order function of intracellular concentration (Tank, et al.,
1995), adjusted for a half life between 35 msec (Sinha, et al., 1997) and several hundred
milliseconds (Regehr and Tank, 1990; Tank, et al., 1995; Helmchen, et al., 1996). For
each sequestered walker, the probability of extrusion, Pex, per walker per time step is:
Pex = (1 - Ps), where

( Ps )

t1/2

θ

= 0.5

⇒

Ps = e

kθ

t1/ 2

(22)

where k = ln(1/2). Since sequestered molecules are extruded from their point of entry,
this is equivalent to ignoring slow intracellular diffusion, and analogous to what I have
done in the discrete model.
To compare the two models, two examples are presented in Figure 8: in panel B,
the cleft is “sealed off” by prohibiting lateral diffusion outside the borders of the cleft, and
consumption is then assayed at 2 different values of Pc. In Figure 8C, a single cleft is filled
with 1.6 mM calcium, while the neighboring extracellular space is set to zero
concentration; the concentration is then measured in contiguous clefts as the calcium
diffuses. In both panels B & C, results from the two simulators match with <0.7% error.
Putting everything together, I will implement the full capacity of both simulators in
the next section. As will be seen then, results from the 2 simulators match within 2.59%
when using as few as 4.8x105 walkers in a 33.5um3 volume, which corresponds to ~1000
walkers/cleft.
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In conclusion, although Monte Carlo simulations have been profitably applied to modeling
diffusion in studies with fewer boundary conditions (Bartol, et al., 1991; Stiles, et al.,
1996), the disadvantage of the Monte Carlo method is, for my purposes, its computational
expense. For equally sized volumes, the E.C.S. model runs O(104) times faster. The
E.C.S. model thus allows the simulation of larger volumes of neural tissue in reasonable
amounts of time. It should be noted that one method is not always preferable over the
other for all problems. For situations in which geometry is simplified to interacting
parallelogram structures (like ours), the finite differencing model allows great accuracy
and little computational cost. On the other hand, if a simulation requires complex 3dimensional geometry (surfaces cocked at several different angles, for example), the
Monte Carlo method may be more appropriate, yielding slow results with acceptable
(within a few percent) but not overwhelming accuracy.
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Results and Computational Implications
External Calcium Fluctuations and Pre-synaptic terminals
Cleft size as a control parameter
The degree to which the geometry slows extracellular diffusion will depend, in part, on the
size of the clefts between cells. In this way, cleft size may be used as a control parameter
to modulate signal strength. For the spatial scales of interest in the neural tissue, the cleft
size is generally taken to be 20 nm. However, it is thought that cells (both glial and
neuronal) may shrink or swell under various conditions (Sykova, 1997). Such shrinking or
swelling results in complementary size changes in the ECS. It has been hypothesized that
ECS size and geometry changes will affect the movement (diffusion) of various substances
in the CNS (Nicholson, 1980; Nicholson and Phillips, 1981; Sykova, 1997). I will sharpen
the focus of this claim by showing specifically the effect of cleft size changes on the
signaling capacities of the extracellular fluid.
To test the effect of cleft size changes, I filled a single cleft in an otherwise empty ECS
with 10,000 atoms (this represents a signal of 10,000 atoms above or below baseline).
Letting the walkers freely diffuse through the interstices, I measured the buildup of
concentration in a “reader” cleft on the other side of an intracellular unit. As can be seen
in Figure 9A, changing the cleft from 20 - 100 nm does not change the characteristics of
the diffusing signal (e.g., time to peak, size of peak). It is only when the cleft size changes
more drastically – for example, to between 500 - 1000 nm – that the diffusing signal
noticeably changes. Since the initial signal is the same in all cases (10,000 walkers), this
example makes the potentially incorrect assumption that the total number of walkers
consumed (or produced) is independent of the cleft size changes. In Figure 9A, note that
the measurement presented is the total number of atoms detected by the reader cleft. If
the reader cleft is instead sensitive to a percent change, which is perhaps more likely to be
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the case, then the cleft size becomes a critical parameter. The effect of cleft size on signal
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Figure 9. Changing the cleft size.
A. Measurements of an absolute signal at the “reader” cleft. 10,000 walkers are injected in a cleft
and allowed to freely diffuse within the interstitial spaces. The number of walkers in the reader
cleft, on the opposite side of the unit, are measured though time. There is little difference for clefts
of size 20 - 100nm.
B. Relative signal at “reader” cleft. Here the injected signal is thought of as riding on top of a
fixed resting concentration. Thus, in the larger clefts, there are more molecules, and the received
signal has an increasingly difficult time distinguishing itself from noise.

Thus, the degree to which cleft size changes will effect a reader depends in part on
whether the reader is detecting an absolute change (number of atoms, Figure 9A) or a
relative change (percent change from baseline, Figure 9B). Assuming the latter, my result
-- that changes in cleft size modulate extracellular signaling -- is consonant with results
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from an analytic analysis by Steven Smith (Smith, 1992), and discussions of pathologic
changes in cleft size (Nicholson, 1980; Sykova, 1997).
To further understand the effect of changing the cleft size, I activated one face of a single
terminal in the middle of a volume of simulated tissue. The extracellular calcium signal in
the overlying cleft was measured, and the cleft size was changed from 10 - 50 nm. As
seen in Figure 10, changing the cleft from 50 nm to 10 nm causes the signal strength to
increase by ~3.5 fold (from 7% to 25%).
1.6
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1.4
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1.2
1
0.8
0.6
806 nm

0.4

Measure in active cleft
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Figure 10. Effect of changing cleft size on external calcium signal.
The consumption probability at a single pre-synaptic terminal is set to consume 14,000
atoms in 1 msec across a single active face. By changing nothing but the cleft size, the
extracellular signal is greatly changed. D=600µm2/s.
While cleft size appears to be an important parameter, the issue will not be explored
further in this thesis. For the remaining experiments presented here, the cleft size is taken
as 20 nm.
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Integrated calcium influx
An important parameter in these simulations will be the total number of Ca++ atoms
fluxed during an action potential. Fura2 overloading in the calyx of Held in the MNTB of
rat (Helmchen, et al., 1997) has allowed the measurement of the total calcium influx into
the terminal during a single action potential invasion. Combined with an estimate of the
total number of active zones, the total influx of calcium atoms is estimated to be 14,000
atoms per active zone per spike. We begin with the assumption that each presynaptic unit
in our model has only one active zone, and we adjust the Pc to make our integrated current
match the experimental data.

Channel distribution affects maximum decrement
The size of calcium fluctuation is a function not only of Dlocal, but also, in part, of the
surface area of the consuming zone. A combination of structural and physiological
methods indicates that calcium channels are concentrated at release zones (Smith and
Augustine, 1988; Robitaille, et al., 1990; Roberts, et al., 1990; Qian, et al., 1997).
Therefore, knowing the desired integrated current, we look at the concentration
decrement in a cleft caused by a total consumption of 14,000 Ca++ atoms. When the
Ca++ conductances are spread evenly across the face of an intracellular unit (the Ca++channels facing the synaptic junction, 806 nm x 806 nm), local [Ca++]o can decrease by 10
- 20%, depending on the diffusion coefficient (Figure 11A). When the Ca++-channels
aggregate more tightly at an active zone, the local [Ca++]o can be almost completely
depleted for the duration of an action potential (Figure 11B). In this example, the active
zone is 115x115nm.
As discussed above, we bound the local diffusion coefficient between D=300
µm2/s and D=600 µm2/s. As can be seen in Figure 11A&B, higher diffusion coefficients
prevent large decrements in the concentration, as the flux from neighboring clefts is larger;
conversely, a lower Dlocal describes a more sluggish fluid, which allows a larger decrement
to accumulate. For example, Figure 11B shows that when D=600 µm2/s, the peak [Ca++]o
decrement is 56%; for D=300 µm2/s, the peak decrement reaches 91%.
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Figure 11. Calcium consumption through time: effects of changing active zone size
and diffusion coefficient.
At t=1msec, the calcium-fluxing active zone becomes active for one millisecond. The
consumption parameter, Pc, is adjusted in each case for a total integrated consumption of
14,000 Ca++ atoms (Helmchen, et al., 1997).
A. Traces represent [Ca++]o available to the consuming zone; in this case, the calciumconsumption is spread evenly over one face of an IU, making the consuming zone 806 x
806nm. Dashed line represents [Ca++]o for D=600 µm2/sec; solid line, D=300 µm2/s.
Jagged lines are results from Monte Carlo simulations; each trace represents a total of
6x105 walkers in a volume of 33.5 µm3.
B. The size of the active zone is reduced to 115x115 nm, representing a clustering of the
calcium conductances. Dashed line represents D=600 µm2/s; solid line, D=300 µm2/s.
Because of the area of measurement is smaller in this case, the variance in the measure is
greater (same number of walkers as above).
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Figure 12. Surface plots of concentration in the cleft.
Same paradigm as Figure 11; here the data are shown as a snapshot of the
concentration in the active cleft at t=2msec. The gray square along the bottom of
each graph shows the size of the active zone (top panels: 806 nm on a side; bottom
panels: 118 nm/side). For the example of the bottom right, the integrated calcium
influx was diffusion-limited to 12,000 atoms (see Figure 15).

Clustering heightens signal to noise
The question of signal resolution and baseline noise is critical to understanding the
functional implications outlined in this study.
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Noise. From statistical mechanics, we know that the standard deviation of the number of
atoms, N, in any sub-volume of a reservior will equal

N . Thus, of 12,000 atoms in a

volume the size of a synaptic cleft (0.0128um3), we expect σ=110 atoms, or less than a
1% signal.
Signal. Several Ca++-sensing mechanisms are likely to be expressed in the CNS, as
considered in the Introduction and Discussion sections. If such mechanisms are expressed
in an area where Ca++-channels are spread widely (as in Figure 12, top panels), the
maximum Ca++-decrement felt in the cleft may not be much greater than noise. However,
the clustering of Ca++-channels (Figure 12, bottom panels) causes a large signal to be felt
throughout a large portion of the cleft, i.e., [Ca++]o-sensitive mechanisms positioned
anywhere within a certain radius around a clustered consumption zone will have the
opportunity to resolve a signal of up to 100% depletion. Figure 13 plots the peak Ca++signal against the distance from the center of the consumption zone; for a given detection
threshold, a clustering of Ca++-channels will yield some radius over which a large signal
can be resolved.
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Figure 13. Signal as a function of distance.
Minimum [Ca++]o plotted as a function of distance from the center of the active zone. For smaller
active zones, there exists a large local signal. If Ca-sensitive receptors are positioned near a tightlyclustered zone, they are more likely to sense a change in [Ca++]o than those near a spread-out zone.

Changing the consumption profile
The simulations in this chapter use a 1 msec square pulse conductance change to represent
the effect of an action potential on voltage-gated calcium channels (Figure 14, inset, solid
line). For comparison, I show a conductance change represented by an alpha distribution,
f = xe − x (Figure 14, inset, dotted line). The two profiles are adjusted to yield the same
total consumption, i.e., there is the same area under both curves. During activation by
either consumption profile, the calcium fluctuations measured at a single 115 x 115 nm
active zone has approximately the same amplitude, while the concentration decrement is
held longer when using the alpha distribution. Thus, my use of square pulses here is
conservative, as I am suggesting that time to recovery is an important functional variable.
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Figure 14. Changing the shape of the consumption profile.
To simulate a 1 msec action potential, a square pulse in the consumption parameter, Pc(t), is
used for most of the experiments in this thesis (solid line, inset). Changing the shape of Pc(t) to
an alpha function (inset, dashed line) has little effect on the amplitude of the calcium signal,
although it does significantly lengthen the recovery time. Later in this work I will explore more
realistic modes of calcium consumption through time.

Covering a range of influx estimates
Since different terminals in the CNS may consume more or less than 14,000 atoms per
spike per active zone, I explore the parameter space by measuring the peak [Ca++]o
decrement over a range of integrated currents, and for different diffusion coefficients
(Figure 15A). As can be seen, an aggregation of Ca++ channels can lead to a 100%
depletion signal.
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Consumption can be diffusion limited
The clustering of Ca++-channels could grow so tight that diffusion could not fill in rapidly
enough to give an influx rate of 14,000 atoms/ms. For the example shown in Figure 11B,
where the active zone is 115x115nm and Dlocal=300 µm2/sec, only 12,000 atoms can be
fluxed during a 1 msec period.
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Figure 15. Total current and active zone size.
As an active zone grows smaller, an integrated consumption of 14,000 atoms may become
impossible because of the slowness of diffusion.
A. Maximum [Ca++]o decrement in the active cleft plotted for different combinations of total Ca++
current, local diffusion coefficients, and 2 different active-zone sizes.
B. Linear dimension of a square active zone plotted as a function of the local diffusion coefficient.
The diffusion-limited region is shown in gray.

Figure 15B shows the active zone needs to exceed a certain area to consume 14,000
atoms; smaller than that area, diffusion limits the total consumption.
Speed of recovery to baseline
Although there is a large signal to noise difference between the cases where the Ca++channels are clustered and where they are not, the recovery to baseline concentration in
the cleft follows a similarly rapid time course (Figure 16). This indicates generally that
one would not expect to see reduced calcium-influx-per-spike from tetanic stimulation of
anything less than several hundred hertz, and indeed one does not (Atluri and Regehr,
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1996). In other words, issues such as paired-pulse facilitation and depression are not
properly addressed by a study of external calcium dynamics: when action potentials arrive
more than ~2 msec apart, external calcium has had sufficient time to recover.
In a personal communication, Chuck Stevens suggested to me that recovery may be rapid
to prevent taking calcium from the NMDA-R current, which turns on slowly.
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Figure 16. Active zone size has little effect on the recovery time of [Ca++]o after an
action potential.
Even for different sizes of active zones, the recovery time to baseline after an AP is the
same. Whatever the size of active zone, passive extracellular calcium dynamics will only
play a part in paired-pulse effects if the separation is less than ~2msec.

Signal propagation
While it is clear that large fluctuations may be expected at a clustering of conductances,
how far will such a fluctuation propagate? Figure 17A shows concentrations in
contiguous cleft at different distances from a consuming presynaptic unit. It is seen that
even for a large decrement, the signal attenuates quickly with distance. The signal that
reaches neighboring clefts is approximately the same regardless of the size of the active
zone. An important motif in the nervous system is that not just one but multiple boutons
from a single axon will terminate in a region (Colman and Lichtman, 1992). Such
arborization engenders synchronous calcium consumption (Mackensie, et al., 1996) over a
small region. Synchronous consumption may also arise from the correlation of different
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axons converging in the same region (see Discussion). Figure 17B demonstrates that even
at distances where the fluctuation has decreased greatly from its original amplitude,
synchronous activity may have noticeable effects on the resultant signal.
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Figure 17. Propagation of the calcium fluctuation.
A. Available [Ca++]o is measured in an active cleft (consumption zone=806 x 806 nm) and
two neighboring clefts in response to calcium consumption for 1 msec. Lower dashed
line, [Ca++]o in active cleft; middle dashed line, [Ca++]o in first neighboring cleft; top solid
line, [Ca++]o two clefts away, at a distance of 1.6 µm.
B. Measurement taken in a cleft in the middle of six simultaneously active units, all at a
distance of 1.6 µm, i.e., 2 clefts away, and all of which are activated synchronously by a
real series of spike arrival times from a monkey parvocellular neuron. D=300 µm2/s.

Extracellular calcium decrements as a form of pre-synaptic inhibition
Ca++-context. As mentioned above, neurotransmitter release displays an acute sensitivity
to [Ca++]o (Dodge and Rahamimoff, 1967; Katz and Miledi, 1970; Mintz, et al., 1995;
Qian, et al., 1997). The calcium signal generated by a single consumptive zone recovers
very quickly (usually within 1-2 msec), meaning a pre-synaptic terminal might interfere
with its own transmitter release only when two spikes arrive within about a 1-2 msec
window of each other. Since there appear to be other intracellular mechanisms influencing
release in this case (Katz and Miledi, 1968; Stevens and Tsujimoto, 1995; Abbott, et al.,
1997), we will not consider the self-interference case further.
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Another way external calcium dynamics might be expected to modulate release involves
the amount of neighboring activity (and correlation) in a region. For instance, in auditory
cortex of primate, information seems to be encoded in part by the activity correlation of
different (and distant) somas, even while the average firing rates stay the same (deCharms
and Merzenich, 1996). In any small volume in which axonal terminals from several such
somas terminate, the increasing correlation may directly result in setting the external
calcium to new levels. In the example in Figure 18, the arrival of three additional,
synchronous spikes causes an additional 5% decrement in transmission probability for
terminal 1.
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Figure 18. The importance of spike timing for calcium stealing.
A. Three terminals from different axons converge in the same local region of simulated
tissue.
B. Solid line, [Ca++]o measured in active cleft due to terminal 1 receiving a burst of three
spikes spaced 2 ms apart (terminals 2 and 3 are silent). Middle dashed line, terminal 1
receives the same burst of 3 spikes, while terminals 2 and 3 receive some synchronous
spikes, with the paradigm indicated on the right in panel A. The activity of neighboring
terminals lowers the [Ca++]o in the measured cleft by another 5%.
C. The [Ca++]o decrement in the active cleft corresponds to a 47% decrease in
transmission probability, as measured from a baseline probability at 1.6 mM (plot adapted
from Mintz, Sabatini, and Regehr, 1995). The additional decrement due to synchronous
activity at neighboring terminals corresponds to a further probability decrement of about
10%.
Extending this idea, a further way in which external calcium dynamics will be expected to
modulate release is by the more global amount of activity in a region. While an individual
calcium signal does not travel far from its site of inception, the very large imbalance
between the time scales of influx and extrusion (2 orders of magnitude) means that quickly
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heightening activity in a region can lower the available calcium. This would be especially
true in situations where the continuity of the ECS is limited, as when some numbers of
consumptive elements are ensheathed by glial cells, for example (Smith, 1992). In this
way, consumption by a set of elements can lower the available calcium to other elements
(including themselves): this is, in effect, a form of pre-synaptic inhibition. An important
example of this is discussed in the next section, and below, in the context of backpropagating action potentials in dendrites.
Background levels
The resting level of Ca++ in the brain is not likely to ever be “at rest”. To understand the
effect of normal background activity on the baseline [Ca++]o, I simulated a volume packed
with randomly active units (Poisson firing rates; 6 Hz and 12 Hz; Figure 19). Without
extrusion mechanisms, the average cleft concentration drops to zero in ~500msec.
However, with the addition of a first-order extrusion mechanism, the background levels
quickly reach a steady state. It is seen that higher activity in the region sets the baseline
calcium concentration at lower levels.
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Figure 19. The effects of random background activity.
All the units in a 30x30x30 volume are activated with independent Poisson rates. The
mean activity rates shown here are 6Hz or 12Hz. In the absence of extrusion mechanisms,
all the calcium in the volume is consumed within 500msec (bottom traces). With first
order extrusion (here half-life = 35msec), the average [Ca++]o (averaged over all clefts)
quickly reaches a steady state.
As mentioned elsewhere in this thesis, calcium extrusion via exchangers and pumps
operates on a time scale approximately 2 orders of magnitude slower than the rapid
calcium transient due to APs explored in this study (Schatzmann, 1989; Philipson and
Nicoll, 1993; Helmchen, et al., 1996; Sinha, et al., 1997). As a result of the imbalance
between the depletion and extrusion times, regional background activity may be expected
to regulate a background Ca++ level; such a level could may set important parameter in
attention, learning, and/or plasticity (more below). As well, it is likely that different
regions of the brain display different average rates, which may prepare the regions for
different computations. Lastly, a common observation among researchers who optically
image cerebral activity is that when a monkey begins to concentrate on a task (e.g., at the
beginning of a trial period), the amount of global activity appears to increase (G. Ghosh,
personal communication). This might imply that the baseline [Ca++]o is set to a lower level
when the monkey attends.
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Active transport vs. passive diffusion
Throughout this work, my model assumes passive diffusion. It may be that active
mechanisms in the tissue could regenerate or dampen the fluctuations. For example,
intracellular calcium waves in astrocytic syncytia appear to be actively regenerated,
propagating over large distances without change in size or speed (Smith, 1992). It is
important to note the possibility that external calcium fluctuations – like the astrocytic
Ca++ waves or neuronal action potentials – may actively regenerate, carrying information
across many microns of tissue. The extent to which such fluctuations are magnified or
dampened by unknown mechanisms in vivo remains for the future.
Why are neural elements the size they are?
Axonal terminals are large compared to the fine processes from which they blossom.
Remarkably, the sizes of cortical synapses are conserved across species: even while the
sizes of cell bodies and the length of processes varies, the volume of synaptic elements
seems to remain constant (around 0.523 µm3, or 1 µm in diameter). Here I examine
whether there is anything special about this volume in light of extracellular dynamics.
To examine the effects of changing the size of terminals, I shrunk the model intracellular
units (IUs) from their default side length (806 nm) to 590 nm, 354 nm, and 115 nm on a
side, or expanded the unit to over double its side length at 1770 nm. As illustrated in
Figure 20, the consuming active zone always remained the same size: 115 x 115 nm. In all
cases, the cleft size between the IUs was maintained at 20 nm. The consumption
parameter, Pc, was adjusted for maximal consumption during a 1 msec action potential
(total consumption in the default case is only 12,000, not 14,000 ions, because of diffusion
limiting).
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115 nm
354 nm
590 nm
806 nm
Figure 20. Changing the size of terminals
To examine the effects of changing the fundamental size of intracellular elements, the
model intracellular units (IUs) are scaled from their default side length of 806 nm. In the
following studies, the consuming active zone (represented as the small shaded square)
always remains the same size: 115 x 115 nm. In all cases, the cleft size between the IUs is
maintained at 20 nm. As always, the diagrammed groups of IUs in this figure are packed
within larger volumes (9x9) of IUs. Not shown are IUs of side length 1770 nm.
Figure 21 shows the external calcium concentration measured at the active zone for
different sized IUs. In the smallest case, there are more communicating interstices through
which calcium can diffuse to oppose curvature in the concentration. Recalling that the
size of a calcium fluctuation is a balance between the speed of consumption and the speed
of replenishment by diffusion, one discerns that if boutons were smaller, fluctuations could
not be as large.
Relatedly, note the recovery times in Figure 21: when elements are larger, a longer time is
required for the curvature to be flattened. It has been suggested to me by Chuck Stevens
that perhaps boutons are no larger than they are so that calcium fluctuations will not
interfere with post-synaptic calcium-permeable channels, such as the slow opening NMDA
receptors.
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Figure 21. Smaller terminals engender smaller signals.
As the terminal size decreases, the ability for the active zone to cause a large signal
decreases. The sharp transition at the 115 nm IU can be understood by the fact that the
active zone in that simulation is the same size as IU face – as the active zone consumes,
there is more three times as much interstitial space from which the calcium can fill in.
D=300 µm2/sec.
Figure 22 shows a snapshot of the concentration directly above the active zone, and within
a plane extending 2.5 µm to all sides. As the terminal grows larger, the radius of influence
of the signal grows. However, while the spread of the signal increases with larger
terminals, is it the case that such a larger spread contacts more neighbors (recall that the
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neighbors themselves are now larger, and thus farther away)?
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Figure 22. Larger terminals engender larger signal spread (absolute distance).
Increased access to interstitial space can rapidly battle calcium curvature. Thus smaller
IUs lead to signals that are more local in absolute distance. However, it is important to
note that even though the signal may appear more local here, it will communicate with an
increased number of their small neighboring units (see next figure).
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Figure 23 shows the answer to be no. In this figure, I measured the size of the calcium
signal on the side of the cube opposite the active zone. As the IUs grow smaller, the
signal felt one unit away from the active zone grows larger. In light of this, is there
anything that appears to be special about the extant size of synaptic elements?

Statistical mechanics predicts the expected density fluctuations in a volume of particles to
be σ =

N . Thus, in a typically sized synaptic cleft (taken here to be 806 x 806 x 20 nm)

at 1.6 mM resting concentration, we expect at any time to find 12,561 atoms plus or
minus a standard deviation of 112 atoms. This is approximately a 1% fluctuation, which
for a 1.6 mM resting concentration translates to a first standard deviation at 1.585 mM. It
is interesting to note in Figure 23 that when an active zone on a (806 nm)3 terminal
consumes, the peak fluctuation measured at the opposite side is almost exactly at 1.585
mM. In other words, the synapse may be appropriately sized for autonomy, that is,
consumption on one side of the unit should not exceed expected noise levels on the other
side. When the units are small (lower 3 traces in Figure 23), then consumption on one
side interferes with available calcium just one unit away.
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Figure 23. Smaller terminals thwart autonomy.
As IUs grow smaller, their influence reaches more units, even though the absolute spatial
extent of their signal has decreased. At the realistic terminal size (806 nm per side), the
signal measured one unit away from the consumption event is no bigger than the first
standard deviation of the expected noise (1.585 mM, dashed line; see text). However, for
the smallest IU, the signal measured one unit away cannot be interpreted as an expected
density fluctuation. Thus, only the 806 nm (or bigger) units can have autonomy, i.e., a
single consumption event does not interfere with their neighbors’available calcium.
It is important to keep in mind that the above examples have a particular shape of
consumption profile (square pulse) and that the total consumption is geared to be 14,000
atoms in 1 msec. However, changing the profile from a square pulse to an alpha function
has no effect on the result presented in Figure 23. What would more clearly affect the
result is the size of the consumption event, which we have here clamped to 14,000 atoms
in 1 msec. From the above results, I offer the following speculation: if we assume that
autonomy is the goal of the system (at least under normal circumstances), then a
relationship is suggested between the signaling machinery and the volume of an element.
We assume that synapses would prefer to be as small as possible (no wasted volume), but
will grow to a size sufficient to make them autonomous.

63

D. M. Egelman, Computational Properties of Extracellular Calcium Dynamics

Dendritic Action Potentials
The Gods of the earth and sea
Sought thro' Nature to find this Tree;
But their search was all in vain:
There grows one in the Human Brain.
- William Blake, “The Human Abstract”, from Songs of Experience, 1794

Back-propagating spikes can be encoded in peri-dendritic calcium fluctuations
Neurons produce action potentials that propagate in their axons and dendrites (Stuart and
Sakmann, 1994; Spruston, et al., 1995; Yuste and Tank, 1996; Johnston, et al., 1996).
This propagation requires sodium channels, and is most robust along dendrites that have
recently experienced a synaptic transmission event (Hoffman, et al., 1997). I consider
here the case where the back-propagating spike strobes part or all of the dendritic arbor.
The action potentials that invade a cell’s dendrites cause large fluxes of calcium into the
dendrite through variety of voltage gated calcium channels (Magee and Johnston, 1995;
Spruston, et al., 1995; Christie, et al., 1996; Magee and Johnston, 1997). This influx of
calcium is mirrored by an efflux of external calcium in the extracellular space outside the
dendritic membrane. Hence, the strobing of the dendritic arbor by a back-propagating
spike is encoded briefly in a fluctuation in external calcium in the peri-dendritic region
(Figure 24). Most of the results of this section are published in (Egelman and Montague,
1998).
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Figure 24. Back-propagating spikes are encoded as brief fluctuations in external
calcium.
Calcium in the synaptic cleft is shared. Experimental data suggests that a back-propagating
spike travels relatively unattenuated along dendritic branches where A-type potassium
currents have been inactivated. The occurrence of the back-propagating dendritic spike is
associated with large influxes of calcium through voltage-gated channels. This influx is
mirrored by a peri-dendritic efflux of calcium from the extracellular space. An overlying
terminal would feel a decrement in the available calcium when a BP-spike passes by.
Modeling dendritic
segments
To simulate dendritic

Intracellular
Unit (IU)

Extracellular
Space Units
(ECS units)

segments, any number of
intracellular units can be
linked by plugging the clefts
between them (this is
equivalent to assuming slow,
or no intracellular diffusion).
20 nm

The model is illustrated in

Cleft

Figure 25.
In the studies presented
below, I have used the fact
that dendritic calcium channel
densities are estimated

806 nm

Figure 25. Representing dendrites in the ECS model.
Elementary IUs are connected to form a dendritic segment. In
all the following studies, the dendritic segments are couched
within a larger volume of simulated tissue, as indicated by the
dotted cubes in this figure. The total volume is 5.8µm on a side,
or ~195µm3, which is sufficient to avoid border effects. The
extracellular calcium concentration is initialized to 1.6mM
throughout the volume.
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between 1-15 channels/µm2 (Magee and Johnston, 1995). If we estimate each channel to
have a 10pS calcium conductance and a mean open time around 1 msec, then for a typical
action potential, a density of 10 channels/µm2 translates into a consumption of about
21,500 atoms/µm2. Thus, for each cubic face of the model (0.65µm2), I have adjusted Pc
for an integrated consumption of 14,000 atoms/msec. It is important to keep in mind that
the above calculation makes the quite crude assumption of a square-pulse 70 mV
depolarization, lasting for 1 msec, and further assumes that all the current is carried by
Ca++ atoms. In order to control for a mis-estimation of the total integrated current, I will
explore consumption over a range of calcium channel density estimates in Figure 27.
Later in this thesis, I will insert experimentally-derived models of calcium channels – they
will be distributed in the membrane and activated by real action potential waveforms. At
that point, I will assess the assumptions made at this stage of the work.
Dendritic spikes and the role of dendritic spines
Figure 26A shows a model presynaptic terminal directly contacting a dendritic shaft.
During a back-propagating spike in the dendrite, the overlying terminal feels a large (25 38%) drop in available external calcium (depending on the calcium diffusion coefficient;
solid line, middle and bottom panels). The sensitivity of neurotransmitter release to
external calcium (Dodge and Rahamimoff, 1967; Katz and Miledi, 1968; Mintz, et al.,
1995; Qian, et al., 1997) suggests that such a decrement will influence the probability of
synaptic transmission. If the presynaptic terminal were invaded by an action potential just
after the passage of the back-propagating spike, the presynaptic release probabilities could
be diminished. This effect highlights one of the important properties of external calcium
signaling: the rapid bi-directional transfer of information at synaptic junctions. External
calcium fluctuations encode information about post-synaptic activity (such as BP-spikes)
as effectively as pre-synaptic activity.
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Figure 26. Large peri-dendritic calcium fluctuations may be reduced by moving the
overlying terminal away.
To examine the calcium fluctuations resulting from a dendritic action potential, a 4.1 µm dendritic
segment is activated by a back-propagating spike. The plots show the external calcium concentration in
a synaptic cleft (806 x 806 nm) shared between a pre-synaptic terminal, and the dendrite (with or
without a spine). Diffusion coefficients are bracketed between D=300-600µm2/sec, as shown by the
middle and bottom rows. Calcium sinks are spread evenly along the dendrite. Three conditions are
presented in each plot: (1) the terminal is activated by an invading action potential, (2) the dendrite is
activated by a back-propagating action potential, or (3) terminal and dendrite and activated
simultaneously. The dendritic segments cartooned in the top row are embedded within a larger volume
of simulated neural tissue, as in Figure 25.
(A) No spine. When the presynaptic terminal directly contacts the dendritic shaft, the calcium in the
cleft transiently drops between 27-34.5% (D=600µm2/sec, 300µm2/sec, respectively) due to a backpropagating spike alone (solid trace).
(B) Addition of a spine. If the spine head and neck contain voltage-gated calcium conductances, the
addition of a spine does little to change the external calcium fluctuation felt at the overlying terminal.
The model spine here is an attached cube of 0.8 µm on a side. Here the calcium in the cleft transiently
drops between 22-32% (D=600µm2/sec, 300µm2/sec, respectively) due to a back-propagating spike
(solid trace); this is only slightly different from the result in (A).
(C) Inhibition of spine. If VGCCs on the spine do not become activated by a BP-spike (e.g., because of
inhibition, inactivation, or absence), the geometry of the spine largely insulates the overlying bouton
from the peri-dendritic calcium fluctuation. In this panel, a back-propagating spike causes a calcium
decrement in the cleft of between only 5.4-6.1% (D=600µm2/sec, 300µm2/sec, respectively),
approximately 5-fold smaller than (A) & (B), above.
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Addition of a dendritic spine with calcium sinks
Figure 26B shows a model pre-synaptic terminal contacting a dendritic spine that contains
calcium channels (Yuste and Tank, 1996) at the same density of calcium sinks as the
parent dendrite. In this case, moving the synaptic junction away from the dendritic shaft
(via a short spine) does little to change the calcium fluctuation experienced by the synaptic
cleft.

Addition of a dendritic spine with inactive calcium sinks
The situation changes significantly if the spine does not contain voltage-gated calcium
channels or has them inhibited. In Figure 26C, I consider the case where voltage-gated
calcium sinks on the dendritic spine are not active during the back-propagating spike, e.g.,
because of inhibition, inactivation, or absence. In this case, a ~1 µm inactive spine
insulates the synaptic cleft from the large peri-dendritic calcium fluctuation demonstrated
above. Thus, spine synapses could be distinguished from shaft synapses through
fluctuations in external calcium felt by an overlying synaptic cleft. Thus, in the right
conditions, the geometry of the active dendritic elements may influence the character of
external calcium fluctuations.

Density of calcium channels
Extracellular signal. As a control over the total integrated current, I have explored
consumption over a range of calcium channel density estimates, changing the consumption
parameter from 10% - 200% of our crude baseline estimate of ~10 channels/µm2 (Figure
26). Even at one-tenth of our baseline density, the concentration drops to 95.5 - 96.8%: a
decrement of this magnitude will presumably translate into a ~10% decrease in the
probability of neurotransmitter release at an overlying terminal. At double the channel
density, the concentration drops to 46.7 - 57.8%, which represents an almost total
depression of the release probability (Mintz, et al., 1995; Qian, et al., 1997). One of the
central ideas in this work is that back-propagating action-potentials can modify the
transmission probabilities of overlying presynaptic terminals; this theme will become
increasingly focused as more exact details about calcium channel kinetics, positions, and
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densities are discovered experimentally. However, I predict this idea will weather the test
of new data, for calcium consumption will have significant effects even at one-tenth of our
original estimate (roughly corresponding to ~1 channel/µm2).

Intracellular signal. One of the most important signals known in biology is calcium
influx. To understand the relationship between the density of calcium channels and the
resulting influx, I measure the total intracellular signal in our model. Figure 27B shows
that doubling the number of calcium channels on a surface will not suffice to double the
influx. This is because the taking of more calcium from a cleft requires the sinks to wait
for replenishment from diffusion from neighboring extracellular space. At a baseline
density, total influx is between 12,243 - 12,581 atoms, which corresponds to a current of
~4 pA through a unit patch of membrane (0.64 µm2). I will return to the issue of the
intracellular signals below.
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Figure 27. Changes in channel density affect extra- and intra-cellular signals.
(A) Extracellular signal. The channel density covering the dendrite is changed from 10 - 200% of
the values used in Figure 26. External calcium is measured in the cleft between the shaft and the
overlying pre-synaptic terminal (cartooned dendritic segment). As always, the dendritic segment is
embedded within a larger volume of simulated neural tissue, as in Figure 25. Each calculation is
bracketed by a diffusion coefficient D = 300 µm2/sec (top trace) to 600 µm2/sec (lower trace).
(B) Intracellular signal. Over a 806 x 806 nm patch of membrane, the total calcium influx is a
function of the channel density (modeled as consumption probability, see Materials and Methods).
Doubling the density does not quite double the influx. The calcium depletion in the cleft does not
fill in as fast in the D=300 µm2/sec case; thus at higher channel densities, the influx is lesser at 300
than 600µm2/sec. The difference at lower densities is artifactual.

Small-scale changes in calcium sink distribution have significant effects on calcium
fluctuations
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In Figure 26, the calcium sinks were spread evenly over the dendrite. Figure 28 illustrates
the effect of clustering the active zones.
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Figure 28. Back-propagating action potentials.
A terminal directly contacts a dendritic shaft. External calcium available at the consumption zone
is compared in three cases: (1) the terminal alone receives an action potential, (2) a backpropagating spike alone passes through the dendrite, and (3) both action potentials arrive
simultaneously.
A. The consumption zone is spread evenly over the face of the presynaptic terminal (0.806 µm x
0.806 µm). Integrated calcium current for this consumption zone is adjusted to 14,000 atoms to
match experimentally reported values (Helmchen, Borst, Sakmann, 1997). The same consumption
characteristics were chosen for the dendritic membrane, i.e. for each 0.806 µm x 0.806 µm patch
of membrane, the integrated calcium current is adjusted to 14,000 atoms. This move is roughly
assumed to approximate 10-20 open calcium channels (10 pS each) per square micron of dendritic
membrane – a number consistent with experimental estimates in dendrites (Magee and Johnston,
1995). These density estimates will be refined using realistic channel models later in this thesis.
B. The consumption zones are reduced to 115x115 nm, while the total integrated current is
clamped at 14,000 atoms/msec/zone as in A.

Figure 29 illustrates some of the consequences of clumping calcium sinks into small
clusters along the dendrite. To allow a comparison to the cases in Figure 26, the
parameters of the model were adjusted so that the integrated calcium current per square
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micron was constant (14,000 ions/active zone/msec). With increasing clustering, local
calcium fluctuations grow increasingly large. In the three cases examined, the time course
of the average calcium concentration in the 806 x 806 nm synaptic cleft was the same
(Figure 30A); however, the calcium immediately available to the consuming zones differs
substantially (Figure 30B).
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Figure 29. Character of external calcium fluctuations are sensitive to geometrical
arrangement of calcium sinks
Calcium sinks are placed in a randomized, clumpy fashion along the dendrite. From left to
right, 22, 7, and 1 calcium sink is placed on each unit patch of dendrite (0.8 x 0.8 µm). In
all cases, the total consumption is engineered to consume 14,000 calcium atoms per unit
patch during a 1ms BP-spike. The surface plots show a snapshot of the calcium in the
cleft between the dendrite and the overlying pre-synaptic terminal at the end of the BPspike. Increasing the clustering of the consumption zones heightens the maximum
decrement, and the signal to noise. A single 115x115 nm clumping of channels (far right)
causes a rather dramatic fluctuation.
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Figure 30. Temporal profile of calcium fluctuations affected by clustering of calcium
sinks
(A) The average calcium in the 0.8 x 0.8 µm cleft does not differ for the 22, 7, and 1
cluster cases. The legend indicates the number of 115 x 115 nm calcium sinks per 806 x
806 nm face.
(B) Measuring the amount immediately available to the clumps (since clumps represent the
pathways for internalizing calcium from the extracellular space) shows a dramatic
difference.

Dendritic bundles
Coincident activation of neighboring dendrites extends calcium fluctuations in time and
tissue space
During cortical development, glial cells extend radial processes along which neuroblasts
migrate. As a result, columnar regions of neuropil develop, wherein thick vertical bundles
of apical dendrites are found. These bundles are found mostly layers II-IV, carrying apical
processes from deeper pyramidal cells (Schmolke, 1987). The pattern of dendrite bundles
is present before the majority of spines and synaptic contacts are formed (Schmolke,
1989)
It is unknown whether the dendritic bundles are leftovers of development, or whether their
existence is necessary for some computation. When viewed from the point of view of
calcium fluctuations, the bundle structure yields important properties.
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In our previous examples, we examined the influence of one dendritic branch on calcium
availability to synaptic clefts shared by overlying presynaptic terminals. In those examples,
large decrements in local calcium levels recover quickly (within milliseconds) to baseline.
This fact is easily understood, since in diffusion systems, replenishing fluxes are
proportional to the concentration gradient, and the concentration gradient is extremely
large next to point sinks (presynaptic terminals) or even elongated line-like sinks (isolated
active dendrite). However, a bundle of co-active neighboring dendrites will flux calcium
from a spatially extended region, thus reducing concentration gradients near the bundle
center. Such synchronously active bundles cause a slower recovery of calcium near the

...

center of the bundle (Figure 31).
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Figure 31. Dendritic bundle.
Nine dendritic segments (4.03 µm in length) are synchronously activated. The plot shows
the external calcium measured in different locations relative to the bundle. The recovery
time in the interior of the bundle has increased from 1 millisecond in the single dendrite
case to just under 10 milliseconds. This dramatic decrement could veto synaptic
transmission for variable lengths of time.
The recovery time has increased 6-8 fold: from 1 msec for an isolated dendrite (Figure 26)
to 6-8 msec (Figure 31). The amplitude is also much larger than the comparable single
dendrite case (compare to amplitudes in Figure 26). The large amplitude fluctuations
shown in Figure 31 do not require precise synchronous activity in the dendrites. Figure
32A&B shows respectively the calcium fluctuations in the center of the bundle, and one
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unit away (0.8 µm) from the bundle. In these panels, each dendrite in the bundle makes a
single spike, but with gaussian jitter in the exact time of the spike (mean time of spike
production = 12msec, standard deviations σ = 1 msec, σ = 5 msec, and σ = 10 msec).
Even with a half width of 10 msec (i.e., σ = 5 msec), the bundle structure serves to
increase the amplitude of the fluctuations in the center of the bundle. Interestingly, a
reader measuring the calcium fluctuation from one unit away may have a hard time
determining how synchronous the dendrites were: even with widely varying jitter, the
calcium profiles look approximately the same at a distance (Figure 32B).
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Figure 32. Asynchronous spikes in a dendritic bundle scale the recovery time for
external calcium.
(A) Synchronicity is not required for large calcium signaling. In this example, the activation
time for each dendritic segments was drawn from a gaussian distribution, mean=12ms, σ=1,
5, 10 msec. This panel shows the external calcium measured in a cleft on the inner faces of
the bundle.
(B) Same jitter in the activation times as panel B, above. External calcium is measured in a
cleft one unit away from the bundle.
Magnitude of calcium influx may carry information about local geometry and
activity

Since intracellular enzymes carry different affinities for calcium, the exact size of a calcium
influx signal can lead to diverse intracellular results (Bootman and Berridge, 1995). In
Figure 33, I demonstrate how the local spatio-temporal surroundings can lead to different
intracellular calcium signals, even given the same channels on a patch of membrane. In
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Figure 33A, I adjust the consumption parameter, Pc, to yield an total influx of 14,000 at a
presynaptic terminal. This same Pc is then used to define the consumption over an entire
dendritic segment. The extracellular fluctuation is larger in the dendritic case, and the
intracellular signal is correspondingly smaller. In this way the same patch of membrane
can pass different signals to its intracellular signal depending on the its local surroundings.
Figure 33B extends the studies of Figure 32, wherein I examined the extracellular signals
generated by asynchronous firing in a dendritic bundle. In Figure 33B, the magnitude of
total calcium influx is assayed with different amounts of jitter in the firing times of the
dendritic segments (standard deviations 1 - 10 msec). When all 9 dendritic segments fire
simultaneously, the influx across a given patch of membrane is approximately half of its
value at standard deviations >10ms. Thus, the magnitude of calcium influx carries
information about synchronicity of the bundle: as the bundle fires more synchronously, the
total calcium influx is reduced.
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Figure 33. Magnitude of calcium influx can carry information about local geometry
and synchronicity.
Depending on the local spatio-temporal surroundings, a given set of calcium channels on a
patch of membrane can lead to different extra- and intra-cellular calcium signals,
(A) Leftmost panel: At a single pre-synaptic terminal, we adjust the consumption
parameter, Pc, to consume 14,000 ions during a 1 msec square-pulse action potential
(Helmchen, et al., 1997). This corresponds to a maximal change in the external calcium of
9 - 15%. Middle panel: If that same value of Pc (representing a certain concentration of
calcium channels) is now used on the surface of a dendritic segment, the external calcium
outside a unit patch of membrane (0.64µm2) now drops to 65.6 - 73.8%. This larger
change in external calcium is easily understood, as the calcium sinks now cover the surface
area an entire dendritic segment, not simply a terminal face, and thus there is more total
consumption. The corresponding intracellular signal is ~12% smaller in the case of
dendritic segment, because there is less external calcium available.
(B) A bundle of 9 dendritic segments is asynchronously activated as in Figure 31, with
standard deviations of 1, 2, 3, 5, and 10 msec. The same consumption parameter, Pc, is
used as in panels A&B, above. Calcium consumption at the outside surface of the bundle
is approximately the same in all cases. However, on the inside surfaces, the magnitude of
calcium influx carries information about synchronicity of the bundle: as the bundle fires
more synchronously, the total calcium influx is reduced. For simplicity of illustration, we
only show the results for D=300µm2/sec.
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Employing realistic channel kinetics
In the final stages of this modeling, I have inserted experimentally-derived models of
calcium channels. These more realistic calcium channel models can be distributed
arbitrarily in the membrane and driven by experimentally-measured action potential
waveforms. This augmentation of the model allows me to refine the assumptions made in
earlier stages of the work. This stage of the work was done in collaboration with M. C.
Wiest, with contributions from R. D. King.

To model calcium consumption, we employ Hodgkin-Huxley models of the T, N, and Ltype calcium channels (Jaffe, et al., 1994). To drive the channel conductance equations,
we clamp our simulated dendritic segment to voltage waveforms of back-propagating
action potentials (BPAPs) measured in CA1 rat hippocampal neurons at different distances
from the soma (0µm - ~300µm; waveforms obtained from D. Hoffman, N. Poolos, and J.
Magee). We assume that the calcium current contribution to the voltage is negligible,
which is consistent with the observation that calcium channels are not necessary to model
the spiking behavior of hippocampal pyramidal neurons (Hoffman, et al., 1997). M. C.
Wiest also ran simulations on NEURON, both with and without calcium channels, and
found that the difference between the two conditions is minor, and noticeable only during
the slow repolarization phase.

As some of the biophysical parameters (such as channel density) are not well known, and
indeed may vary widely, I present here results for several representative cases.

1) We vary channel densities and distributions, comparing a uniform distribution of
channels to a clustered distribution. The various channel densities modeled here may
be interpreted literally, or they may be taken to reflect modulation of the unitary current
amplitude (for example, insulin-like growth factor-1 triples and quadruples N and L
channel current amplitudes; Blair and Marshall, 1997).
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2) The amplitude of BPAPs can be boosted by localized current injection in the dendrite
(such as EPSPs; Magee and Johnston, 1997). In that light, we investigate boosted backpropagating action potentials, and demonstrate that doubling the amplitude can increase
the external calcium signal ~10-fold.

3) We investigate the effect of dendritic geometry on the size of an external calcium
fluctuation. That is, we calculate the calcium decrement between two crossing dendrites,
and nine bundled co-active dendrites. The amplification of the signal near multiple coactive dendrites provides a basis for the mechanism of rapid look-up that will be proposed
in the next section.
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Methods
As before, consumption takes place through patches of the dendritic membrane which are
generically called sinks. The sinks can be spread evenly over the surface of an IU, or they
can be clumped arbitrarily to represent uneven spatial distribution of calcium sinks.
Consumption by an active calcium sink is described by the channel models below.
Calcium extrusion, which is thought to be a first-order process with half-life ~200 msec
(Helmchen, et al., 1996), is ignored here, as its inclusion changes the presented results by
less than 3%. All simulations used a time-step of 2 µsec.
The calcium current through a sink is given by:

ICa

[Ca ] o − [Ca ] i ⋅e 2 FV / RT
4F 2
= P ⋅A (V , t ) ⋅
⋅V ⋅
RT
1 − e 2 FV / RT

(23)

where P is the maximum calcium permeability, V is the membrane voltage, F is the
Faraday constant, R is the gas constant, T is the temperature, and [Ca++]i and [Ca++]o are
the internal and external Ca++ concentrations. A(V,t) varies between 0 and 1, representing
the channel models in a Hodgkin-Huxley formalism. We adjust P in the channel models to
fix the calcium flux per µm2 of dendritic membrane by clamping to intracellular calcium
measurements {Helmchen, 1996 #117}, which found a 151± 19 nM change in free calcium
concentration due to a single action potential in CA1 hippocampal dendrites; it was
concluded that the observed change represented between 0.5 and 1.0% of the total Ca++
influx, the rest having been buffered. Thus, the total rise of intracellular calcium
concentration is between 30 - 60 µM. Assuming a dendritic diameter of 1.5 µm yields a
total flux (per BPAP) of 6,800 - 13,600 atoms (depending on whether the 151 nM calcium
rise represents 1% or 0.5% of the total influx, respectively). By calculating the
subsequent diffusion of calcium in the extracellular space, we determine the corresponding
extracellular Ca++ decrement in a number of representative cases.
if the single channel permeability is a constant, this is equivalent to adjusting the channel
densities
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The T and N type calcium conductance models were of the form, gCa = g Ca m2h, while the
L type conductance was gCa = g Ca m2. In all cases, m∞ (v)=αm(v)/(αm(v)+βm(v)), and
where applicable h∞ (v)=αh(v)/(αh(v)+βh(v)). The time constants are τm=1/(αm(v)+βm(v))
and τh=1/(αh(v)+βh(v)). The rate parameters (taken from Jaffe et. al., 1994) are
αm(v)=a⋅(-v+b)/(exp((-v+b)/10)-1), βm(v)=c·exp(-v/d), αh(v)=e·exp(-v/f), and
βh(v)=1/(exp((-v+g)/10)+1. For the T channels, a=0.2, b=19.26, c=0.009, d=22.03,
e=1.0⋅10-6, f=16.26, and g=29.79. For the N channels, a=0.19, b=19.88, c=0.046,
d=20.73, e=1.6⋅10-4, f=48.4, and g=39. For the L channels, a=15.69, b=81.5, c=0.29, and
d=10.86. The model channel responses to a voltage step are shown in Figure 34.
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Figure 34. Model of dendritic segments with channel models.
A. The finite difference model is the same as elsewhere in this thesis. Now, however, the
amount of calcium consumption is determined by the conductances of experimentallyderived calcium channel models.
B. Responses of the T, N, and L-type calcium channel models to a voltage step from -80
to -10 mV.
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Intracellular calcium is assumed to diffuse or be buffered sufficiently quickly, such that
[Ca++]i is held constant at 100nM. This assumption may not be realistic; however, the
extent and speed of intracellular buffering is not well constrained experimentally.
Furthermore, we do not expect relaxing this assumption to drastically change our results.
Consider the Nernst equation for the calcium reversal potential: ECa=62 mV log 10

[Ca ]o
.
[Ca ]i

Because of its logarithmic dependence on the concentration, ECa is relatively insensitive to
changes in the ratio of intra- to extra-cellular calcium. For example, should the ratio
halve (from 40,000:1 to 20,000:1), ECa , which to a first approximation determines the
driving force on calcium, will only change by about 9%.
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Dax Hoffman, and Nick Poolos. Unless
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otherwise noted, we model calcium
consumption under the action potential
shown in Figure 35, measured 100 µm
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As discussed above, this procedure
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Figure 35. Back-propagating action
potential.
This BPAP, used for most of the following
studies, was measured 100 µm from the
soma in a rat CA1 neuron in a hippocampal
slice (Nick Poolos).

requires the assumption that the calcium current is negligible with respect to the
membrane voltage. I further assume that an entire segment of dendrite (4 µm in our
simulations) feels BPAP synchronously. This assumption is justified by the large
conduction velocity of BPAP’s— greater than 300 µm/ms (Stuart and Sakmann, 1994).
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As for the density of voltage gated calcium channels on dendrites, a report by Magee and
Johnston (1995) estimated 6±0.6 channels per patch. These measurements were made
electrophysiologically using standard cell-attached patch clamp techniques, and the total
number of open channels in a patch was estimated by counting the number of steps in the
current, each of which is thought to represent a single channel opening. The numbers
obtained by this method represent a lower bound on the number channels per patch, since
not all channels present may have opened, and thus are not “seen” by this technique. The
10 MΩ , fire-polished pipettes they used most likely have a diameter of 0.5 - 1 µm (Dax
Hoffman, Nick Poolos, Rick Grey, personal communication), which translates, in an
undeformed patch, to a surface area of 0.4 - 0.75 µm2. When we take into account the
blebbing of the patch into the pipette, we might expect our estimate to increase up to
several fold. Thus, Magee and Johnston’s report of ~6 channels per patch may translate
into 2 - 14 channels/µm2, depending on the size of the accessible membrane surface area.
In several cases, the authors found “greater than 15 channels per patch”, which they
considered possible evidence of clustering; this may translate to over 35 channels/µm2.
Given the large uncertainty in the estimates of calcium channel densities, we simulate a
broad range, from 5 to 50 channels/µm2. In certain cases, the high end of this range may
be interpreted as representing the effect of current amplitude modulation (e.g., Blair and
Marshall, 1997). After this study, I will discuss the parameter ranges that lead to
significant extracellular signals, and those that do not. In the simulations discussed below
I assume equal representations of T, N, and L-types channels in the dendritic membrane.
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Results
Channel densities and distributions.

Figure 36 shows the calcium time course during the BPAP of Figure 35, for various
channel densities. As can be seen by comparing the two figures of panel A, clustering the
channels into (115 nm)2 patches deepens the calcium decrement immediately above the
patch. The middle panels show surface plots of the concentration in a plane touching the
dendrite. It is seen that the clustering causes a larger local signal, while the spread of the
signal remains almost equally local. The bottom panels in Figure 36 show the total
number of atoms that enter the dendrite through a 1 µm2 patch of membrane as a function
of channel density.
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Figure 36. Calcium dynamics using experimentally-derived channel models.
A. Extracellular calcium decrement due to calcium channel kinetics driven by the action
potential in Figure 35. In these studies, an equal proportion of T-, N-, and L-type calcium
channels were modeled, and the total channel density was varied between 5 - 50
channels/µm2. In the left panels, the channels are spread evenly over the dendritic
segment; in the right panels, the same number of channels were clustered into an area 49
times smaller than before. The largest densities can represent the effect of current
amplitude modulation.
B. Surface plots of the calcium concentration in a plane touching the dendrite. When the
channels are evenly distributed (left panel), the local signal is smaller than when the
channels are clustered (right panel). However, in both cases, the spread of the signal
remains fairly confined. Density = 20 channels/µm2 in this example.
C. Intracellular signal measured over a 1 µm2 patch of membrane. The total calcium
influx is a function of the channel density. When the channels are clustered, the total
influx is slightly higher.

These results are qualitatively similar to those found earlier in this work, but they allow me
to sharpen my estimates. For example, we can see that because of the width of the BPAP,
the recovery time for the signal is longer than estimated earlier.
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According to these calculations, densities greater than 10 channels/µm2 will cause a signal
above noise from a single back-propagating spike. Any density smaller than 10
channels/µm2 will probably not be able to cause a calcium change distinct from noise, at
least not in the case of a single dendrite. However, the co-activity of multiple neighboring
dendrites will greatly amplify the calcium signal, even at low channel density, as we will
see in the “Neighborhood Relationships” below.

Boosting the BP-spike
The A-type K+-channels on dendrites have the effect of squelching back-propagating
spikes. However, local depolarization of the dendritic membrane (as from recent EPSPs)
inactivates the A-type K+-channels, thereby boosting the spike amplitude (Hoffman, et al,
1997). Figure 37 shows the effect of boosting a spike by current injection: although the
spike voltage only doubles in amplitude, the calcium signal increases by about 15 fold,
from 0.01 mM to 0.15 mM.
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Figure 37. Boosting the BP-spike modulates the calcium decrement.
A. Dashed line shows a BP spike measured in the dendrites. When paired with a small
current injection (causing the voltage deflection shown by the dashed line), the spike is
greatly boosted (solid line). The raw data presented in this panel was obtained from J.
Magee, and is summarized in Magee and Johnston, 1997.
B. From the point of view of external calcium levels, the boosting of the spike causes a
~20 fold increase in the amplitude of the calcium signal. This example uses an equal
representation of T and N channels, since no L channels are thought to exist distally.
We suggest that the current injection shown here is qualitatively similar to synaptic input
in the form of EPSPs. Therefore, synaptic input can be interpreted to “condition” the
underlying dendritic membrane, such that subsequent BP spikes will produce, among other
things, a much larger calcium signal (both intra- and extra-cellularly).

Neighborhood relationships
Since dendrites are branched, and comprise such a large fraction of neural tissue (Abeles,
1991), many opportunities are created for BPAPs in different dendritic trees to intersect in
the coordinates of the tissue. Although the dendrites may be physically separate, the
intersection of BPAPs is registered by the extracellular calcium levels between the
dendrites. Figure 38 shows 2 examples, as indicated by the icons. In panel A, BPAPs are
simultaneous in 2 dendrites that cross. The calcium decrement in the intersection region is
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larger than the decrement near the single dendrite case by about 2-fold. Panel B
represents 9 neighboring dendritic segments, representing a small version of the dendritic
bundles which are periodic throughout certain regions of cortex (Schmolke, 1987;
Schmolke, 1989; Schmolke and Schleicher, 1989). As can be seen in the figure, a bundle
of parallel co-active dendrites can dramatically deepen the calcium decrement near the
center of the bundle. As shown by the dashed lines, clustering the channels further
deepens the decrement. Naturally, if the dendritic activity is not perfectly synchronous,
the effect will be somewhat diminished.
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[Ca++]0 (mM)

Crossed Dendrites
1.6
1.4
1.2
1
0.8
0.6
0.4
0.2
0

0

Dendritic Bundle

1.6
1.4
1.2
1
0.8
Uniform channels 0.6
0.4
Clustered channels 0.2
0
0
4
8
12
Time (msec)

4

8
12
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Figure 38. Neighborhood relationships.
A. Calcium is measured in the cleft between two perpendicular dendritic segments. When BP
spikes are simultaneous in the two segments, an even distribution of calcium channels in the
membrane leads to a extracellular decrement of about 0.3 mM. When the channels are clustered
as in the right panels of Figure 36, the calcium signal approximately doubles. The waveform for
the action potential is shown in Figure 35
B. A small dendritic bundle is emulated by the co-activity of 9 parallel dendritic segments. Here
the external calcium decrement ranges from about 0.7 to 1.0 mM, depending on the distribution of
channels. D = 300 µm2/sec.

Summary
Using the experimentally-derived channel kinetics and APs, we found that under a range
of conditions a dendritic action potential causes significant peri-dendritic calcium
fluctuations, as predicted by the simpler modeling studies. Though we do not here
commit to any single interpretation of these signals, one possibility is that a calcium
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decrement modulates the transmission probability of overlying synaptic boutons. Given
the quadratic dependence of transmission probability on [Ca++]o (Katz and Miledi, 1970;
Mintz, et al., 1995; Qian, et al., 1997), a 20% decrement in external calcium corresponds
to a 36% decrease in the transmission probability. A decrement of ~20% was observed
near a dendrite with dense (or upwardly modulated) channels and in the center of a
bundle; clustering channels enhanced the signal. We therefore conclude that effects of this
magnitude could occur in the hippocampus, at least within dendritic bundles and elsewhere
depending on physiological channel densities and the strength of channel modulation.
Smaller calcium decrements of order 5-10% (corresponding to a 9-19% decrease in presynaptic transmission probability) are quite likely to occur.
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Discussion: Information storage and retrieval
Dendritic activity convergence
The branched structure of dendrites in hippocampus and cortex creates a high degree of
opportunity for dendrites from different (and distant) somas to come into contact as
neighbors. In this way, a dendritic bundle— or meshwork— is achieved, in which backpropagating spikes may come together close in time. The result of near coincident activity
in these neighboring dendrites will engender the same sort of calcium signals as those
examined in Figure 32.

We propose that external calcium fluctuations could be used in a kind of look-up
mechanism. As indicated in Figure 39, such a mechanism could locate a specific volume
of tissue by directing back-propagating spikes to that volume, and flagging the matching

A

B
Synaptic Inputs

Calcium Depletion

EPSPs

BP spikes

Figure 39. Spatiotemporal indexing of volume elements can be implemented by
external calcium fluctuations.
External calcium fluctuations are ideally suited to act as a marker signal for rapidly indexing a
volume of neural tissue.
(A) In regions with a high density of synaptic transmission, the EPSPs caused by the transmissions
will deactivate A-type K+-channels along that dendritic branch.
(B) Those same EPSPs may cause the soma to generate a spike, which will back-propagate back to
the region of the high density transmission. In that region, the crossing of dendrites from different
somas can lead to extended calcium decrements, of the type displayed in Figure 32. The calcium
depletion zone indexes a specific region of the tissue.
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volumes with a large and temporally extended fluctuation in external calcium. Recent
physiological work on back-propagating spikes suggests one realistic possibility. It is
known that back-propagating spikes tend to attenuate quickly because of the presence of
A-type potassium channels present in dendrites (Hoffman, et al., 1997). This same work
has shown that synaptic input inactivates these conductances, and causes dendritic spike
propagation to proceed unattenuated into branches that have experienced the synaptic
input. We propose here that this effect could mediate the look-up mechanism described in
Figure 39:
• Coincident synaptic transmissions inactivate A-currents in dendrites present in a
common volume of tissue
• Back-propagating spikes are directed into the volumes where transmissions occurred
• Large, temporally extended fluctuations in external calcium ‘mark’tissue volumes
where sufficient spatiotemporal overlap of back-propagating spikes occurs
In short, high densities of synaptic input in a volume of neural tissue cause a convergence
of dendritic spike activity, “calling” dendritic spikes into volume where the transmissions
occurred. As illustrated in Figure 39, this mechanism permits widely broadcast activity,
encoded in patterns of action potentials, to locate and flag the specific volumes of tissue.

Scaling transmission probabilities
The bi-directional calcium signal
In the synaptic cleft, one important event encoded in external calcium fluctuations is the
occurrence of an action potential in either the dendrite or axon. As a signal, the calcium
fluctuation is naturally fast and bi-directional, informing both pre- and post-synaptic
elements of the arrival of a spike in the axon or dendrite. Moreover, for presynaptic
spikes, an external calcium fluctuation does not depend on whether the terminal transmits.
It is therefore possible that a rapid change in cleft calcium acts as a rapid anterograde and
retrograde signal.
We have shown that even the firing of a single segment of dendrite can lower the external
calcium drastically, and the decrement lasts a few milliseconds (Figure 26). However, as
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addressed in that figure, local geometrical properties, such as spines, can strongly
influence the external calcium signal. The computational function of dendritic spines has
been long debated (Koch, et al., 1992; Koch and Zador, 1993; Yuste and Tank, 1996); we
propose here an additional role for spines: when the channels on a spine are inactivated,
inhibited, or not present, the geometry of the spine is sufficient to protect the overlying
terminal from the large peri-dendritic calcium fluctuation caused by a back-propagating
spike. We have also shown that when multiple, neighboring dendrites all propagate
spikes, the local calcium fluctuation will be even larger and last longer (Figure 32). Given
the known sensitivity of neurotransmitter release on external calcium levels (Dodge and
Rahamimoff, 1967; Katz and Miledi, 1968; Mintz, et al., 1995; Qian, et al., 1997), the
demonstrated fluctuations may decrease the release probabilities of synaptic terminals
nearby. This effect may implement a scaling of
transmission probabilities that ranges from mild
decrements to a full transmission failure.
The geometry of cortical tissue may exploit these
properties. For example, under light microscope,
neuropil can be divided into dendritic-bundle

bundle

bundle

regions and the regions in between (Schmolke,
1989; Schmolke and Schleicher, 1989). Suppose
an axon terminates in the cortex, ramifying over a
wide region. Some of its boutons may end up in
dendritic bundles, others on the edge, and others in

Figure 40. Ramifying axon
The terminations of an axon ramifying
in cortex may find themselves in very
different calcium contexts, as
suggested by Figure 31.

the neuropil in between (Figure 40). Although all
the boutons are invaded with the same pattern of action potentials, they may have very
different transmission patterns because of the differing geometry and consumption of the
regions they innervate.
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Transmission failures due to calcium fluctuations
It is thought that a neuron conveys information in part through the pattern of action
potentials it generates. This viewpoint is supported by recent experiments which
demonstrate that mammalian neurons are capable of reliably producing spikes with a
precision on the order of a millisecond. However, for the recipient neuron or tissue
volume, i.e., the decoders of the message, the incoming spike train may not be the
important variable; it may instead be the successful release of neurotransmitter. Synapses
transmit only a fraction of the spikes that impinge on them, and recent work argues that
mechanisms intrinsic to the presynaptic terminal make important decisions about whether
a spike causes neurotransmission (O'Donovan and Rinzel, 1997; Abbott, et al., 1997). The
point of view taken in this thesis suggests that the postsynaptic neuron may also get to
influence transmission at synaptic connections made on it.

By choosing when to generate a spike, a post-synaptic neuron may rapidly modulate the
release probability of its overlying afferents through a decrement in extracellular calcium
near its dendrites. In this manner, a spike in the recipient neuron that propagates into
dendrites could veto transmission at a connection that receives an axonal spike a short
time later. This would eliminate transmissions due to incoming spikes that the recipient
neuron could, by some means, already anticipate. In this scenario, transmission events at
synapses occur when the postsynaptic neuron anticipates incorrectly the time of an
incoming spike that would have otherwise caused a transmission, i.e., transmissions act
somewhat like error signals.

Transmission failures as the “goal’’ of a post-synaptic neuron
It has long been wondered whether transmission failures at a terminal were bugs or
features of the system. We propose that failures are not only a necessary part of the
information transfer, but are in fact the “goal’’of the postsynaptic neuron. Specifically,
we hypothesize that the release of neurotransmitter may represent a kind of error-signal,
and the post-synaptic neuron tries to minimize the transmission input onto itself. We
propose that by choosing when to generate a spike, a post-synaptic neuron can modulate
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the release probability of its overlying afferents through the medium of the extracellular
calcium.

Why are neurons noisy instead of quiet?
If we accept that the spikes generated at a soma are a function of neurotransmitter input
(EPSPs and IPSPs), then we see that a neuron’s firing rate will be bounded away from
zero. This is because at a zero firing rate, a neuron is no longer sending spikes up its
dendritic tree, and thus is no longer vetoing afferent transmissions. As long as the afferent
transmissions have enough excitatory components, the soma will generate new spikes.

Why don’t neurons maintain a high firing rate?
On the other side of the frequency spectrum, a neuron is bounded away from high firing
rates, for a high enough spike rate traveling up the dendrites (say 1000Hz), will
presumably veto all afferent transmission. When there is no more input drive on the
neuron, the firing rate will come back down.
So we see that baseline firing will be bounded away from low and high firing rates,
endowing the neuron with some basal level of activity.
It should be mentioned that there is evidence for machinery internal to the terminal that
regulates failure rate (Abbott, et al., 1997). Our proposed mechanism of the postsynaptic
neuron influencing transmitter probabilities will ride on top of other such mechanisms.

Information processing in the ECS
I have shown that the number of calcium ions in the ECS is expected to fluctuate due to
normal neural function. In the same way a positive fluctuation in neurotransmitter
concentration carries information by diffusing through the ECS, a negative fluctuation in
an extracellular ion concentration will carry information as long as there exist detecting
elements. In the case of calcium, hundreds of intracellular processes (and perhaps some
extracellular processes as well) are tuned to directly “read” [Ca++]o through levels of Ca++
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influx. My results demonstrate that functions such as neurotransmitter release may be
dynamically changed as a function of previous activity; thus, not only synaptic connections
– but also their relative positions and timing of activity – become important in
understanding the function of the tissue. Although traditional models of neural function
only emphasize neurotransmitters and point-to-point connections, it is critical to
quantitatively address the spatio-temporal Ca++-context in which a bouton is found.
Ca++ delimits how spike patterns translate into patterns of NT release.

Spike patterns generated at neuronal somas are commonly measured
electrophysiologically. I will briefly discuss 2 questions below: (1) How does this spike
pattern translate into a spatio-temporal pattern of transmitter release at the thousands of
terminals belonging by an axon? (2) How will the same pattern of back-propagating
spikes affect the release probabilities of overlying afferent terminals?
Output from a single neuron: Transmitter release from axons. The translation of a onedimensional “spike-code” (time) to a four-dimensional “NT-release-code” (time + spatial
coordinates) will depend on a neuron’s exact spike timing and the three-dimensional
distribution of boutons in the tissue. For illustration purposes, consider the close
apposition of three boutons from different axons. When spikes from the three neurons
arrive asynchronously, the average Ca++-influx is only slightly affected. However, in the
case of synchronized activity, the average Ca++-influx to each given bouton is reduced –
this can substantially change the pattern of release. Over the entire axonal arbor, a given
action potential may lead to release in entirely different subsets of the terminals, depending
(in part) on the calcium-context in which each terminal finds itself. The temporal code
seen by any post-synaptic element monitoring NT release will be a subset of the spike
code generated at the axon hillock. Such issues lie within a larger theoretical framework,
addressing synaptic transmission and spike train encoding on short time scales, and the
development of anatomical patterns on larger time scales (Person, et al., 1996; Montague,
1996).
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Time scales
Even while we do not yet understand the brain’s processing machinery, an organizational
theme seems to involve a range of time and spatial scales. For example, fast
neurotransmission, slower neuromodulation, and even slower gene regulation are each
thought to play a spectrum of important roles in brain function. In the same way, transient
calcium fluctuations may influence rapid signal transfer, while slower modulation of
background calcium levels could influence attentional states, learning, and reorganization.
We note four mechanisms by which different time scales are expected: (1) different
kinetics of calcium-permeable channels, (2) different calcium-reading mechanisms, (3)
different cell types, and (4) different cellular geometries.

Channels. Thus far we have limited our discussion to voltage-gated conductances.
However, many neurotransmitters gate ligand-sensitive calcium-permeable channels,
causing extensive calcium consumption (Gasic and Heinemann, 1992). NMDA, ATP, and
nicotinic Ach receptor channels show a fractional Ca++-current of 12%, 6.7%, and 4%
calcium, respectively (Rogers and Dani, 1995); additionally, certain AMPA receptors are
permeable to calcium (Burnashev, et al., 1992; Meucci, et al., 1996). Such channels have
widely different flux rates; for example, when NMDA receptors are activated by the
coincidence of glutamate and depolarization, the local Ca++-consumption lasts 80 - 100
msec. Such a slow calcium sink could generate a substantially different calcium levels for
the surrounding cells.
Ca++-reading mechanisms. Aside from “reading” [Ca++]o through levels of influx, a cell
might also detect the external levels directly. An intriguing example is the recently cloned
Ca++-sensing receptor (CaR) (Brown, 1991; Brown, et al., 1993; Ruat, et al., 1995;
Vassilev, et al., 1997). The activation of the CaR has a steep sigmoidal dependence on
[Ca++]o. In parathyroid cells, a 2-3% change in [Ca++]o can activate the CaR, since the
middle of the sigmoid is positioned at the physiological range of concentrations (Brown, et
al., 1993). The CaR expressed in the mammalian brain (Brown, et al., 1995) suggests that
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the alteration of calcium levels in a cleft can be directly sensed by a G-coupled protein
whose function is still under exploration. This metabotropic way of reacting to changes in
external calcium may live on a slower time scale than the influx and binding of calcium to
enzymes.
On the other hand, there may exist other ways of reading [Ca++]o levels that are faster than
activation of enzymes through influx. For example, rapid functional effects are sometimes
expressed in channel dynamics: in squid giant neurons, external calcium levels quickly
modulate both the gating and selectivity of K+-channels (Armstrong and Lopez-Barneo,
1987).

Cell types. Calcium-permeable channels cover dendrites, axonal terminals, and somas of
neurons. However, neurons are 10 times less plentiful than glial cells in the brain. While a
supporting or trophic role has traditionally been favored for glial cells, there is mounting
data on glial cell consumption of external calcium. Glial cells express VGCCs
(Verkhratsky and Kettenmann, 1996), ligand-gated Ca++ channels (Burnashev, et al.,
1992), and there is even the suggestion that Na+/Ca++ transporter can reverse under
conditions of lowered [Na+]o, taking Ca++ in from the ECS (Brown, et al., 1995; Chebabo,
et al., 1995; Verkhratsky and Kettenmann, 1996).

Geometry. The ECS may not be continuous everywhere. In a closed volume (such as a
glomerulus ensheathed by glial cells, it is possible that a relatively fixed amount of external
calcium is shared by the terminals and dendrites of that volume. In this way, recovery time
would be much slower than those in the examples presented here – recovery would
depend in large part on extrusion rates. A mathematical analysis of astrocytic partialensheathing of a synapse is consistent with this notion (Smith, 1992).

The role of other ionic species
Calcium is an attractive extracellular species because of its known importance in so many
signaling functions (Bootman and Berridge, 1995). However, my results may apply to
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other extracellular ion species as well. Measurements of [Ca++]o are often made in
conjunction with [K+]o, which is also low relative to [Na+]o and [Cl-]o. Under normal
activity or light stimulation protocols, [K+]o fluctuates from 3mM up to ~7mM in the
mammalian cortex and hippocampus (Nicholson, et al., 1978; Benninger, et al., 1980;
Stanton and Heinemann, 1986; Sykova, 1997). This could have a substantial effect on
neural function, since K+ will increase excitability in neighboring cells by pushing the
resting membrane potential closer to threshold (Lebovitz, 1996; Sykova, 1997).
Specifically, if K+ is high in a region, glial cells will be more likely to consume calcium,
since they express voltage gated calcium channels (Verkhratsky and Kettenmann, 1996).
This model is consistent with experimental evidence that Ca++ enters glial cells in
response to hippocampal stimulation (Dani, et al., 1992). Additionally, suppose that
terminals and spines are punished for depolarizing without obtaining sufficient calcium
(Montague, 1996): in this case, whenever a particular subset of terminals consumes
calcium, the associated K+ increase pushes the neighbors closer to threshold, making them
depolarize more often and be in more peril.
Lastly, decreases in [Na+]o during activity can secondarily affect [Ca++]o: it has been shown
in hippocampal slices that decreasing [Na+]o from 154 to 114 mM significantly reduces
[Ca++]o, most likely through an osmolality-sensing mechanism involving the Na+/Ca++
exchanger (Brown, et al., 1995; Chebabo, et al., 1995).
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Self organization through selective cell adhesion
Looking back into the history of biology, it appears that wherever a phenomenon
resembles learning, an instructive theory was first proposed to account for the
underlying mechanisms. In every case, this was later replaced by a selective theory.
Thus the species were thought to have developed by learning or by adaptation of
individuals to the environment, until Darwin showed this to have been a selective
process. Resistance of bacteria to antibacterial agents was thought to be acquired by
adaptation, until Luria and Delbruck showed the mechanism to be a selective one.
Adaptive enzymes were shown by Monod and his school to be inducible enzymes
arising through the selection of preexisting genes. Finally, antibody formation that
was thought to be based on instruction by the antigen is now found to result from
the selection of already existing patterns. It thus remains to be asked if learning by
the central nervous system might not also be a selective process; i.e., perhaps
learning is not learning either.
Niels K. Jerne, 1967

Cell adhesion and dissociation as the engine for learning
Introduction
Calcium-dependent cell-adhesion molecules serve to establish and maintain tissue
organization in the central nervous system. It has long been documented that decreases in
extracellular calcium cause dissociation of aggregated cells. My above work has shown
that under normal neural activity, large local decreases in extracellular calcium are
expected. I here propose that such large decreases in [Ca++]o may locally dissociate cell
adhesion matrices, allowing a migration of un-adhered intracellular elements. The
biophysical feasibility of this hypothesis – and the computational consequences – will be
explored in this section.

As a preview, my simplest proposal will have the following structure: (1) neighboring
intracellular units whose activity causes sufficient decrements in the extracellular calcium
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(e.g., both take up calcium at the same time) will dissociate; (2) neighboring intracellular
units that share the extracellular calcium in such a way as to limit large fluctuations (e.g.,
by consuming at complementary times) can remain adhered.

Below, I will discuss the family of calcium-dependent cell-adhesion molecules collectively
called cadherins. I will then make predictions that are consistent with recent experimental
data on learning and memory. This model implicates calcium in several functional roles,
recognizing its tradeoff as a critical intra- and extra-cellular messenger. This model
describes a developmental algorithm that allows intracellular elements to reorganize to
optimally share external calcium, and serves as a bottom-up description which may be able
to capture certain elements of learning and memory storage.

Review of cadherins
Since the discovery in 1907 that dissociated sponge cells from different sponge species
would self-aggregate, cell adhesion has been extensively characterized. One family of celladhesion molecules, the cadherins, are calcium-dependent cell adhesion glycoproteins
involved in the establishment and maintenance of tissue organization. Cadherins control
critical developmental events through homophilic interactions. Brain tissue expresses
several cadherins; of these, neural (N)- and epithelial (E)-cadherin seem to be localized to
synaptic complexes (Yamagata, et al., 1995; Fannon and Colman, 1996; Uchida, et al.,
1996). Cell adhesion by cadherins depends critically on calcium: the lowering of external
calcium causes conformational changes which abolish adhesion. This calcium dependence
of cell adhesion has been described since the beginning of this century, and is now
understood at a 2-angstrom resolution structural level: calcium ions interact with binding
sites of cell-adhesion molecules, causing a linearization, rigidification, and a dimerization
of the molecule (Shapiro, et al., 1995; Nagar, et al., 1996). NMR studies indicate that in
low [Ca++]o, domains of the cadherins seem to tumble freely in solution (Nagar, et al.,
1996). Therefore, we are led to the hypothesis that intracellular elements will mutually
adhere only when sufficient calcium exists locally in the extracellular space.
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Cadherins have been implicated in the total development of the animal by showing that
problems with caherins cause malformations. For example, antisense oligonucleotides to
E-cadherin mRNA were injected into rat embryos, resulting in cranial neural tube
malformations, as well as craniofacial hypoplasia, an enlarged pericardium, twisted spinal
cord, swelling of the rhombencephalon, and underdeveloped forelimb (Chen and Hales,
1995). Also, malformations are induced from toxins that interfere with cadherin integrity,
such as lead poisoning (Lagunowich, et al., 1994).

The theory I will describe here assigns a richer function to cadherins:
(1) Cell adhesion is not only involved in development, but also in learning.
(2) Cell adhesion is not only a function of homophilic expression, but also of the relative
timing of calcium consumption from the extracellular space.

Specifically, I suggest that the calcium-dependence of cell-adhesion serves a functional
property: apposing cellular elements may adhere only when they properly share the
external calcium (as by asynchronous consumption and extrusion). If their temporal
patterns of calcium consumption overlap, then the cellular elements will migrate elsewhere
(Figure 41). In this way, the fitness of particular spatio-temporal arrangements is
measured by calcium decrements in the extracellular space. Here we are reminded of
Carlyle’s statement, “No man lives without jostling and being jostled; in all ways he has to
elbow himself through the world, giving and receiving offense.”
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Figure 41. Cadherins and calcium competition: a proposed model of selforganization.
(Left side) In regions where the external calcium is shared appropriately, as by non- or anticorrelated consumption times, the neural elements are unable to move because of adhesion.
(Right side) Conversely, in regions where the external calcium drops below a critical
threshold, the neural elements become unbound due to calcium-dependence of the
adhesion. In this way, they are allowed to migrate, seeking out appropriate regions for
their activity patterns. In this model, survival is predicated on successful adhesion; if an
element cannot find an appropriate region, it is eventually selected out.
I have shown in this thesis that large fluctuations in external calcium are expected to occur
in a variety of conditions. I will now examine how the predictions of the cadherinmigration model agrees with recent experimental data.

Experimental evidence: calcium and LTP induction
Recently, the role that cadherins play in plasticity at hippocampal synapses has been
examined (Tang, et al., 1998). Antibodies were raised against the extracellular domain of
N- and E-cadherins, and peptide antagonists to the binding domain (HAV peptides) were
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used. With a rat hippocampal slice at rest, the application of these peptides had no effect
on baseline synaptic transmission – however, when LTP-induction protocols were used,
the magnitude of LTP was reduced greatly when the peptides were present. Additionally,
the peptides had to be present during the LTP-induction protocol to reduce LTP; adding
them afterward had no effect.
My interpretation of this study is the same as the authors: I suggest that the cadherins may
become unbound during the stimulation protocol due to large extracellular calcium
decrements – when the cadherins dissociate, the peptides can bind, preventing reassociation.
If this is the correct interpretation, then one could expect that raising extracellular calcium
would prevent the blockage of LTP induction. Indeed, this was the result of their
experiment: the inhibitory effects of the cadherin antagonists were blocked by raising
[Ca++]o from 2.5 mM to 5 mM, supporting the hypothesis that the adhesive states of
cadherins are quite sensitive to the extracellular calcium concentrations.
In Figure 42, I have modeled the effect of raising [Ca++]o from 2.5 mM to 5 mM: as can be
seen, higher concentrations could readily create a protective effect, as the calcium
decrement does not drop below 3mM, in this instance.
axon
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Figure 42. Raising the extracellular concentration.
External calcium is measured in three cases: [Ca++]o = 1.6 mM, 2.5 mM, and 5 mM. The
absolute size of the decrement is approximately the same in all cases, which makes the
relative signal size decrease with increasing [Ca++]o. In all cases, the total current was
clamped to 14,000 atoms, which does not take into account driving force changes –
however, see section on driving force (page 39).
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In other words, a resting concentration of 2.0 mM would allow external calcium to drop
into a range where cadherin binding is affected, whereas a resting concentration of 5.0
mM would not. Since the resting concentration in the mammalian brain is estimated to be
1.0 - 2.0 mM, the suggestion stands that cadherin integrity is likely to play a signaling or
reorganization role.

The above data from Tang et al support my findings that extracellular calcium can
fluctuate largely, and also the present hypothesis that cadherins will detect and respond to
such fluctuations. Now I further examine the details of the cadherin hypothesis,
specifically (1) the regions where crystallization occurs, (2) why migration might occur,
and (3) the role of saliency signals.

Regions of crystallization
In regions where the calcium is not changing dramatically (perhaps because of
asynchronous consumption), I propose the elements will be tightly bound into their threedimensional structure – I will term this a region of crystallization. Such regions will be
much harder to break up because of the cooperate bonding of many elements. Although
this is speculation, it links well with psychological notions we have about certain learned
ideas and behavior becoming hard to modify.

Repulsive migration: Analogies to immune system
In the immune system, cell-adhesion is a well-known and widely studied phenomenon
(Bell, 1988). For example, during an immune response to a cell-associated antigen, cellcell adhesion is required for the destruction of the antigen. In the immune system, such
adhesions are specific; it is not desirable to have the wrong cells adhere, since their
adhesion carries functional implications. It is thought that the nature of the cell-surface
coat prevents indiscriminate adhesion – specifically, the cell-surface is coated with
glycoproteins and associated macromolecules – collectively, the whole complex is known
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as the glycocalyx. The glycocalyx is hydrophobic, so when two cells come close and push
water from the space between them, the glycocalyx provides non-specific repulsion.
It is this non-specific repulsion that I appeal to in proposing that elements will migrate
away from each other when unadhered.

Do we have any reason to think there will be an advantage for elements moving away
from calcium fluctuations? While purely speculative, we may take the position that an
axonal terminal wants to release transmitter, or at least wants to have that option available
to it. We already know that calcium channels are concentrated at release sites, which may
serve as preliminary evidence of the above-stated “goal” of the terminal. A natural
extension to this is for the terminal – which wants to maximize calcium available at influx
sites – to migrate to a location where it minimizes the influence of its neighbors on its own
available calcium.

The role of saliency signals
I propose that one of the main effects of a global saliency signal (such as norepinephrine)
may be to increase calcium influx, enhancing external calcium decrements. A global signal
may directly cause (or modulate) calcium flux through an ionotropic receptor (for
example, the nicotinic Ach receptor); or may influence second messenger cascades that
will lead to greater calcium influx in the future (for example, by up-modulating the
conductance of calcium channels).

Example: Norepinephrine enhances external calcium decrements
Extracellular calcium decreases have been measured with ion-selective microelectrodes in
rat dentate gyrus, with some interesting results arising in the context of the current
discussion. Heinemann and colleagues showed that stimulation (20 Hz/10 sec) of the
perforant pathway leads to ∆Ca=~0.2mM in the cell body layer (stratum granulosum)
(Stanton and Heinemann, 1986; Mody and Heinemann, 1986). When they bath applied 50
µM norepinephrine and gave the same stimulation, the calcium signal grew by 158.6 ±
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13.8% (Stanton and Heinemann, 1986). It is interesting to note that in the dentate gyrus,
NE application can produce a long-lasting potentiation similar in magnitude and duration
to LTP, and that NE depletion impairs perforant path LTP (Bliss, et al., 1983; Stanton and
Sarvey, 1985).

The sculpting of dendrites by external calcium fluctuations

A dynamic organizational mechanism for dendritic arbors

The existence of both inhibitory and excitatory inputs to the same cell has long been
noted. I suggest here a role of these inputs for sculpting dendritic geometry. Specifically,
I hypothesize that the exact geometry of a dendrite marks the three-dimensional
coordinates where excitatory and inhibitory inputs are coincident: at such points along the
arborization, the Ca++-influx following depolarization is reduced, since the EPSP is
nullified by the IPSP. At points where inhibitory and excitatory inputs are not coincident,
extracellular Ca++ will be drawn into the dendrite, causing a transient depletion of external
calcium. Such a calcium depletion will tend to cause the degradation of local cell
adhesion in the ECS, which will cause the dendrite to “seek” new locations. This
mechanism is self-organizing, because the more Ca++ that leaves the extracellular space,
the more the Ca++-dependent cell adhesion will degrade, such that the dendrite will migrate
to a region where the EPSPs and IPSPs are maximally in phase.

In the distal dendrites, the amplitude of a back-propagating AP (BPAP) will normally be
squelched by A-type K+-channels (Hoffman, et al, 1997). However, previous
depolarization can inactivate these K+-channels, meaning that the presence of EPSPs with
a BPAP will allow enough membrane depolarization to recruit high-voltage activated
Ca++-channels (Magee and Johnston, 1997; Hoffman, et al., 1997). We can thus consider
the different populations of Ca++-channels to distinguish whether there was no
depolarization signal, a BPAP alone, an EPSP alone, or both. When both an EPSP ad
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BPAP arrive, there is a supra-linear Ca++-consumption into the dendritic tree (Hoffman,
et al., 1997), presumably through the activation of the high-voltage Ca++-channel
population. Thus, the coincidence of an EPSP and a BPAP will cause a large [Ca++]o
fluctuation (Egelman and Montague, 1998; Egelman, et al., 1998c), leading to cadherin
dissociation.

The role of spines and inhibitory inputs

With 10,000 inputs to a typical pyramidal cell, with perhaps half being excitatory, we
expect BPAPs and EPSPs to arrive in coincidence fairly often. With the theoretical
framework presented here, such coincidence would dissociate local adhesion and cause
migration. Are there any conditions that might allow a dendritic segment to hold itself in
place, even with the coincidence of a BPAP and EPSP?
I have already proposed a general way in which this may take place: if a spine does not
contain active voltage gated calcium conductances, then the large depolarization from the
coincidence of a BPAP and an EPSP will not consume calcium. However, evidence
suggests that VGCCs are all over the dendrite, including the spines (Yuste and Tank,
1996). Therefore I will make a related, novel suggestion.

The distribution of inputs to a neocortical pyramidal neuron is typical: in the distal
dendrites, contacts to the spines are mostly excitatory, and inputs to the shafts are mostly
inhibitory (Feldman, 1984; Abeles, 1991). I propose that the inhibitory inputs near the
necks of spines, properly activated, may shunt the effects of coincident depolarization. In
this proposal, the three-fold coincidence of an IPSP at the spine neck, an EPSP at the
spine head, and a BPAP at the shaft, may separate the EPSP and BPAP such that
supralinear [Ca++]o-depletion does not occur (Figure 43). Thus, if the inhibitory input at
the spine neck and the excitatory input at the spine head can always be coincident (as by
hard-wiring to a common driver) or can be coincident most of the time (as from different
input that is highly correlated), the local cell adhesion mechanisms will not dissociate, and
the structure will remain in place. Thus, taken as a snapshot in time, the structure of the
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dendritic tree may represent a road map through the regions where either (1) EPSPs and
BPAPs are not often coincident, or (2) inhibitory input is present, and coincident with the
EPSP and BPAP. Thus the regions with appropriate statistics can be read directly from
the shape of the dendrite.

A

B
AP
+

-

+
axon

dendrite

Inhibitory
cell

BPAP

Figure 43. Coincidence of AP and BPAP can cause supralinear calcium influx.
A. The coincidence of a BPAP and an incoming transmission causes supralinear influx
(Magee and Johnston, 1997). In our theoretical framework, this influx would lead to
dissociation of cell adhesion molecules, and the dendritic spine would migrate.
B. An excitatory input might retain its position – despite its correlation with the postsynaptic cell’s BPAPs – if it successfully entrains an inhibitory cell to squelch the supralinear
calcium influx by firing at the same time.
In conclusion, we have proposed in this section that Ca++-consuming boutons and
dendrites may dynamically self-organize, using external calcium fluctuations as the signals
triggering movement or perseverance.
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Conclusion
I have explored external calcium dynamics over a range of parameters, varying the
local diffusion coefficient, the rate of consumption, the clustering of the channels, the cleft
size, and the geometry of the intracellular elements. Under reasonable assumptions, I have
shown that substantial changes in extracellular concentration are expected to occur under
normal activity and geometry.
The geometrical arrangement of neural tissue seems to force neighboring neural
elements to share a resource that is necessary for neural transmission, but is in limited
supply on short temporal and spatial scales. I have demonstrated that the resting levels of
external calcium do not appear to be sufficiently high to protect against large decrements
in this important resource. Instead, it seems as though the tissue is engineered so that
external calcium levels are meant to fluctuate dramatically. Given the functional
importance of external calcium, we are led to the strong suspicion that external calcium
fluctuations are an important class of information-bearing signal in the nervous system.
Even while we have little understanding of neural encoding and processing of
information, the results presented here indicate that external calcium dynamics will of
necessity be involved. Our final understanding of neural function will spell out
mechanisms richer than the examples outlined here.

“Not every end is a goal. The end of a melody is not its goal;
but nonetheless, if the melody had not reached its end it
would not have reached its goal either. A parable.”
Nietzsche, The Wanderer and His Shadow, 1880
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Appendix A: Interaction of Nitric Oxide and External Calcium
A novel effect of [Ca++]o: nitric oxide and NMDA-R current
It has been reported that nitric oxide (NO) can modulate the current through the NMDA
subtype of glutamate receptor (Manzoni, et al., 1992; Manzoni and Bockaert, 1993). In
this section I present novel experimental evidence addressing the effects of external
calcium on this interaction. This work was carried out with the help of John A. Dani and
Masoud Zarei.
Activation of the NMDA-R is the first step in the production of NO, which appears to
play several important signaling roles in the CNS. I will demonstrate that NO directly
modulates ion flux through the NMDA-R. Then, in line with the computational work in
this thesis, I show preliminary data indicating that lowering external calcium levels will
reverse NO’s effects on INMDA.
The computational idea is that an NMDA-R population may be potentiated or silenced
depending on the local levels of NO and external calcium levels, and thus synapses may be
tuned to be more or less plastic.
To examine the modulation of the INMDA by NO, I employed a direct approach: patch
clamping coupled with rapid drug changes on cultured hippocampal neurons. In this way I
was able to determine the direction, magnitude, and time course of modulation of the
INMDA.

Nitric oxide: Brief background
Nitric oxide (NO) is a non-polar free radical that can diffuse through tissue. Based on its
putative rates of diffusion and degradation, as well as its interactions with a host of
cellular targets in neural tissue, it is likely to serve as an important spatial signal,
transmitting information to local volumes of tissue.
Many specific roles of NO are well-elucidated: NO is a powerful stimulator of soluble
guanylyl cyclase and ADP-ribosyltransferase; a host of free sulfhydryl groups on target
proteins may be nitrosylated by NO; NO vasodilates; NO participates in reactions with
other free radicals. Additionally, part of NO’s current popularity stems from its putative
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role in the induction of synaptic long-term potentiation (LTP), an effect popularly
interpreted as a mechanism underlying learning and memory. In 1991, four groups
demonstrated that the inhibition of NOS prevents the induction of NMDA-dependent LTP
in the mammalian hippocampus (O'Dell, et al., 1991; Schuman and Madison, 1991; Haley,
et al., 1991; Bohme, et al., 1991). It is commonly argued that in order to effect changes in
a pre-synaptic cell during LTP, a post-synaptic neuron must be able to retrogradely signal
coincident activity— and NO’s local domain of action and short half-life have made it an
attractive candidate for this retrograde signal. In fact, in 1990, the existence of such a
rapidly-diffusing, membrane permeant signal was examined purely on theoretical grounds
(Gally, et al., 1990).
In the cerebellum, NO has been shown to be critical for long-term depression (Shibuki and
Okada, 1991), a form of synaptic plasticity which is functionally equivalent in information
content to LTP. NO’s synergy with Ca++ appears to be necessary for the induction of
LTD (Lev-Ram, et al., 1995).
Additionally, NO has been shown to enhance spontaneous presynaptic transmitter release
from hippocampal neurons in dissociated cell culture (O'Dell, et al., 1991). In the same
vein, NO stimulates the release of neurotransmitter from striatal slices (Hanbauer, et al.,
1992) and synaptosomal preparations (Montague, et al., 1994).

Feedback Modulation of NO onto INMDA
Activation of the NMDA-R is the first step in a cascade that leads to the production of
NO. This requires the influx of calcium, which binds with calmodulin to stimulate NOS.
An individual NOS molecule catalyzes the reaction of L-arginine to L-citrulline, releasing
NO as a byproduct of the reaction.
A mechanism of theoretical importance is that local levels of NO will modulate the INMDA,
leading to down- or up-regulation of NO production. A local down-regulation of NMDAR activity could inhibit plasticity on a synapse or volume of synapses, as well as keep a
ceiling on NO production (which may be important for a spatial signal with such oxidative
power). A local up-regulation could allow a synapse or volume of synapses to retain or
enhance plasticity.
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It is possible that local levels of NO, perhaps in conjunction with other signals (such as
external calcium levels, see below), may render some fraction of a synapse’s NMDA-R
population silent or enhanced at any given time. Since NMDA-R integrity is necessary for
certain kinds of plasticity, but makes only minimal contribution to the excitatory post
synaptic potential (EPSP), one can imagine chemical transmission continuing unaffected at
a synapse while the plasticity is tuned up or down according to local NO levels (possibly in
synergy with other influences, such as external calcium levels).

Literature review
In 1992 it was reported that NO-generating compounds inhibit NMDA-induced increases
in [Ca++]i levels in cultured striatal neurons (Manzoni, et al., 1992). However, those
results are difficult to interpret, since the maximal inhibition was produced with a
preincubation time of 2 minutes in the NO-generating solution. The next year the same
group showed that NMDA currents could also be blocked 30-50% by upregulation of
endogenous NOS (Manzoni and Bockaert, 1993). Here the neurons were incubated for
15 min in L-arginine (the natural substrate for NOS) before the application of NMDA.
Also in 1993, and also with the same caveats, it was demonstrated that NMDA-induced
[Ca++]i rises can be augmented by blockade of NOS with NOARG, a competitive inhibitor
(Tanaka, et al., 1993). Additionally, it has been found in vivo that treatment with the
NOS inhibitor N-Arg accelerates the establishment of amygdala kindling in rats
(Rondouin, et al, 1992). Since amygdala kindling is known to be an NMDA-triggered
event, this finding is consistent with the model that NOS participates in a tonic inhibition
of NMDA receptor activity. Lastly, another finding shows that— in the presence of
CNQX— the current induced by synaptic stimulation in a hippocampal slice decreases with
increasing concentrations of NO (Murphy, et al, 1995).

Influence of External Divalent Cations?
In 1995, Fagni et al indicated a role of external divalents in modulating NO’s effects on
the INMDA. They demonstrated that in the presence of divalent cation chelators such as
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TPEN and EGTA, NO’s inhibitory effect could be canceled (Fagni, et al., 1995). This is
consistent with data I will show below.

Experimental Set-Up
Reservoirs holding NO-containing or NO-free solutions continuously flow through θ-glass
tubing. The patched cell is situated in the flow of the control solution. One end of the
barrels is attached to a motorizer, which moves the barrels horizontally in response to a
voltage signal from the computer. In this way, I clamped the entire molecular
environment around the cell. I customized the Axobasic software to get all the stimulation
paradigms I needed.

NO-producing and NO-containing Compounds
In order to put the NO into a solution, I employed two compounds known to release NO
as a byproduct: SNAP (S-nitroso-N-acetylpenicillamine) and SIN-1 (3-Morpholinosydnonimine).
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Results
NO inhibits INMDA
In the following studies with neonatal rat hippocampal neurons preparation, I used a
sustained application of 20 µM NMDA/10 µM glycine. In the added presence of 1mM
SNAP or 1mM SIN-1, there is approximately a 5-10% inhibition (Figure 44). The
following experiments were performed with normal CaCl2 (2mM) and no Mg++ in the
external solution.
The inhibition shown in Figure 44 is quite a bit less than that reported by some others
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Figure 44. Effect of nitric oxide on NMDA current
Rapid-application results from 8 hippocampal neurons. Currents are recorded with
standard patch-clamp techniques; cells are clamped in a flow of solution delivered
through θ-glass flow pipes. External solution contains 2mM CaCl2, with 0 Mg++.
Under these conditions, application of nitric oxide causes an inhibition of the NMDAinduced current, as seen in other studies. The figure legend shows the holding
potential for each trace.
(Manzoni et al, 1992; Fagni et al, 1995). One possibility is that while my preparation is
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hippocampal, their results were found in cerebellar granule neurons (patch clamp) and
striatal neurons (fura-2).

NO and low external calcium lead to enhancement of INMDA
I assayed in two ways the effects of external divalent cation levels on the INMDA:
Lowering [Ca++]o: In the first experiment, I stepped the cell into an external solution with
low Ca++ (0.2 mM) just before applying 100 µM NMDA/10 µM glycine. In the presence
of this low level of [Ca++]o, the NMDA-induced current potentiates in the presence of NO
(Figure 45).
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Figure 45. Effect of lowering external calcium
Paradigm is the same as Figure 44, with the exception that immediately before the
application of the nitric oxide, the external solution is lowered to 0.2 mM [Ca++]o; also,
shown is a higher dose of NMDA. Under these conditions, the application of nitric
oxide causes an enhancement of the NMDA-induced current.
Adding citrate: In the second experiment, I stepped through the normal sequence of
agonists, as in Figure 46 (left panel). Then, immediately following, with the same cell, I
stepped into the identical sequence of solutions, but with the addition of 1 mM citrate.
Citrate is a potent chelator of divalent cations, and under these conditions, the inhibition
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was decreased (Figure 46, middle panel). This effect was immediately reversible (Figure
46, right panel).
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Figure 46. Effect of citrate.
Left panel: same paradigm as Figure 44, except for the use of SIN-1 instead of SNAP.
The application of the NO-containing solution inhibits the NMDA current. Middle panel:
with the addition of 1 mM citrate, a chelator of divalent cations, the inhibitory effect of
NO is much reduced. Right panel: the effect of the citrate is readily reversible.
In making sure the experiment was not confounded by properties of the NO-generating
compounds, I allowed the compounds to release all available NO, then tested the effects
of the remaining product on the NMDA-induced current (e.g., assayed with a degraded
SIN-1 solution). I found no inhibitory effect of the remaining solution.

Characteristics of an open-channel blocker
The inhibition by SNAP and SIN-1 diplays the characteristics of an open-channel blocker
(Figure 47). In the case of a preincubation, where the SNAP or SIN-1 was applied alone,
and then the INMDA was retested in the absence of the SNAP, no inhibitory effect was seen.
Figure 47 shows the testing of the INMDA, then an incubation of 1mM SNAP for 10
seconds, then a re-testing of the INMDA. As shown in the figure, there is no inhibition this
way. My tests using 1mM SIN-1 yielded the same results (data not shown).
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Figure 47. Characteristics of an open-channel blocker.
The NMDA current following the application of NO differs insignificantly from the
current before the incubation, suggesting that the modulation by NO works by blocking
the channel in the open state.
Computational implications
Although the data presented here are quite preliminary, I will speculate what this might
mean if the initial conclusions pan out in future experiments. A suggested scenario is as
follows: when calcium enters a subset of terminals and leads to the local production of
NO, those terminals are better able to consume additional calcium, as their NMDA-R
current is enhanced by the combination of NO + low [Ca++]o. Surrounding terminals feel
the rise in NO, but their external calcium is not low (recall that the calcium signal stays
quite local) – therefore the surrounding terminals are less able to consume calcium, as
their NMDA-R currents are inhibited. Suppose that terminals and spines are punished for
depolarizing without obtaining sufficient calcium (Montague, 1996); in this case, the
difference between the successful and unsuccessful consumers is enhanced. In summary,
my preliminary data support the existence of a positive feedback loop for those terminals
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that successfully consume calcium. Further experiments will be required to validate this
story.

An indexing mechanism using NO and calcium
The possible interactions of external calcium and NO have given rise to new suggestions
about their function in neural tissue (Egelman, et al., 1998a). Such functions have been
described only at the level of biophysical changes – when receptors may operate, when
plasticity is on or off, and so forth. However, there is a computational perspective for the
meaning of these physical interactions. In Egelman, et al, 1998a, we propose that the
interaction of external calcium fluctuations and NO provides a rapid indexing scheme used
by the brain to locate specific volumes of neural tissue (presumably containing information
important for some function).
Generally, our approach is to view the cerebral cortex as an enormous storage
device that acts as a look-up table where the kinetics of the look-up process can
implement a variety of functions. For example, in some cortical areas, this look-up could
amount to retrieval of iconic information, e.g. cells in the inferior temporal cortex that
respond to specific faces or views of faces. In other areas like the visual or somatosensory
cortex, the look-up process is equivalent to an information processing algorithm well fitted
to some problem domain, e.g. the visual problem of detecting the likely presence of a
contiguous border that is occluded by overlying objects. In this section, we simply detail
how a specific, small volume of tissue could be indexed by a pattern of neural signals.
Information arrives in a region of tissue, and the job of the biological mechanisms
is to retrieve stored parameters in an appropriate amount of time. In some cases, the
dynamics of the retrieval itself is the sought-after information, and in other cases, retrieval
may take other forms. Here, we only address the issue of indexing the desired locations in
tissue given a collection of signals impinging on a region of cortex. One of the
computational problems to be solved is the natural trade-off between storage capacity and
retrieval time. Greater storage capacity makes more difficult the task of keeping retrieval
times short. An unlimited memory is not useful unless the information can be accessed in
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an appropriate amount of time, and a serial search through large memory is almost never
feasible. These kinds of concerns were surely a ubiquitous evolutionary constraint: mobile
organisms always had to squeeze the results of neural computations into behaviorally
relevant timescales. For example, no matter how much parallel processing takes place in
the cortex, there is an enormous serial processing constraint for choosing which direction
to turn next when being chased by a predator. Any computational result has to be ready
and available quickly if it is to be useful. This is an extreme example; however, all
perceptual tasks for a mobile creature are subject to strict temporal constraints; therefore,
the mechanisms employed by the cortex are also subject to these same constraints.
One way to avoid serially searching through a large memory every time a query for
information is made is to use clever ways of organizing the information. The cerebral
cortex solves the rapid look-up problem in part by clumping similar functions in similar
volumes of tissue. This idea is interesting and suggestive, however, it falls short of
specifying how specific sub-elements of the volumes, e.g. specific synapses or their
components, could be addressed by a pattern of neural activity arriving in the form of
different neurotransmitters.
The computational idea for mediating rapid lookup is outlined below, and followed
by our interpretation of a possible neural substrate. Consider the cortex as a storage
medium where information (or functions) are clustered in common volumes of tissues. The
indexing has multiple stages, and takes advantage of this scheme for organization
information:

Stage I: global query. A global query is broadcast as a vector of cues. Specific regions
match this vector best. Label these the prototypes -- they serve to identify the likely
regions of the storage medium containing the desired information or response.

Stage II: prototype generalization. The search is expanded rapidly around a subset of the
prototypes taking advantage of the organizational scheme of clustering similar function in
spatially proximate regions of the medium.
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Stage III: refinement. Generalization about each matching prototype has identified many
possible locations, and a more refined analysis is required in these regions. The refinement
step executes a rapid, more detailed search only the regions defined by the domains
centered on the prototypes. This identifies even smaller volumes likely to contain the best
fit to the global query.

Stage IV: marking the results. A signal is generated that flags the region of the medium
containing the results – the signal means something like ‘here I am’or ‘I am the region
you sought’or ‘I am the best fit to the query’.

Notice that Stage I embeds an interesting assumption into the nature of the
storage medium, i.e., the system cannot be sure of the exact location of the information;
therefore, a broadcast to many areas must occur. This incurs a cost – the cost in time and
space of constructing and distributing the broadcast. The payback for this expense is that
the memory can be large, yet the system maintains recall within an acceptable time
window. We suspect that in the cortex, this scheme could operate on the scale of less
than 10 milliseconds (described below).
The scheme can also be applied recursively. Once the refinement stage has located
a set of smaller volumes, the cycle could repeat using these smaller volumes as new
prototypes. Iterating these cycles may allow the localization of tissue volumes on the scale
of just a few microns. This description has dealt very generally with locating specific
volumes in a storage medium. There is a remarkable correspondence in the calcium-NO
interaction that could act as a substrate for this multistage process.
The interactions of external calcium and nitric oxide give a mechanism that could solve
this problem of looking up specific volumes of tissue. The neural scheme makes use of
some of the facts described earlier:
(1) The NO scaffolding places potential sources within close proximity to every point in
the cortex.
(2) NO moves isotropically through tissue and increases transmission events from nearby
synaptic terminals.
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(3) Increasing transmission events contributes to spike production in recipient neurons,
and directs back-propagating spikes into the region where the transmission events
occurred.
(4) Back-propagating spikes that overlap in time and tissue space cause large decrements
in external calcium (see earlier work in thesis, such as Figure 31).

The neural sequence would occur as follows:
Global query to a region of tissue: A vector of transmitters is released across a fairly
large region of tissue by patterns of action potentials. Some volumes match best the
transmitters and their temporal variations. This locates the prototype matches.

Prototype generalization: For some prototypes, NMDA receptor activation occurs and
is followed by a burst in NO production. NO moves rapidly through the surrounding
tissue, increases transmission events, and turns down NMDA receptor sensitivity. The
diminishment of plasticity serves to insulate the tissue from changing dramatically the
contents of the storage location (we view this primarily as a look-up or ‘read’
mechanism).

Refinement: The increased transmission events following the NO burst serve two roles:
(1) they inactivate A-type potassium channels in dendrites in the region, and (2) provide
input to recipient neurons that contributes to spike production. The back-propagating
spikes travel into the dendrites, and are directed primarily to those regions where the
transmissions occurred (e.g. Magee and Johnston, 1997). These spikes are restricted to
dendrites; therefore, they represent a search through a domain vastly smaller than the one
defined by the NO burst. This `search-along-wires’consumes large amounts of calcium
from the extracellular space, causes large peridendritic fluctuations in external calcium,
and sets up physical constraints necessary for implementing the last step (flagging the
results).
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Marking the results: If the back-propagating spikes overlap sufficiently in time and tissue
space, a large and longer lasting fluctuation in external calcium ‘flags’a set of much
smaller volumes (‘here we are’). If no such fluctuation occurs, the system has not located
any sufficiently similar information matching the global query. The details of the dendritic
structure and patterns of synaptic contact determine whether a given pattern of backpropagating spikes will cause a large fluctuation in external calcium. This means that
information could be stored in the relative three-dimensional location of synaptic contacts,
and in the relative location of dendritic branches.

Conclusion
The recent discoveries about NO diffusion through volumes of tissue shift the
emphasis of neural encoding from the single neuron to the volume of tissue in which the
neuron functions. Solving the problem of how to address a large parameter space may
provide guidance for discovering the biological mechanisms of memory storage and
retrieval. We have shown how a novel interaction of NO and external calcium levels can
act together to address specific volumes of neural tissue. However, the addressing scheme
proposed here is mute to the question of what is actually read out. Indeed, we have left
this out because understanding the specifics of the read out requires some insight into how
the problem domain is encoded in the first place, i.e., we need a better guess at what the
read-out should represent. The latter question is quite a general one for all of
neuroscience, and remains open to speculation.
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Appendix B: A Computational Role for Dopamine Delivery in Human
Decision-Making
“Man is a masterpiece of creation, if only because no amount of determinism can prevent
him from believing that he acts as a free being” – Lichtenberg, Aphorisms, 1764-99
Introduction
Recent work suggests that fluctuations in dopamine delivery at target structures represent
an evaluation of future events that can be used to direct learning and decision making. To
examine the behavioral consequences of this interpretation, we gave simple decision
making tasks to 66 human subjects and to a network based on a predictive model of
mesencephalic dopamine systems. The human subjects displayed behavior similar to the
network behavior in terms of choice allocation and the character of deliberation times. The
agreement between human and model performances suggests a direct relationship between
biases in human decision strategies and fluctuating dopamine delivery. We also show that
the model offers a new interpretation of deficits that result when dopamine levels are
increased or decreased through disease or pharmacological interventions. The bottom-up
approach presented here also suggests that a variety of behavioral strategies may result
from the expression of relatively simple neural mechanisms in different behavioral
contexts.
Decision Making

Even for the simplest creatures, there are vast complexities inherent in any decisionmaking task. Nonetheless, any creature has limited available time in which to arbitrate
decisions. Decision-making is likely to possess automatic components which may possess
direct relationships to the underlying neural mechanisms. Previously, decision-making
theories have been based on formal, top-down approaches that produced normative
strategies for decision makers, i.e., they prescribed strategies that ought to be followed
under a predetermined notion of the goal (Bernoulli, 1738; Von Neumann and
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Morgenstern, 1947; Luce and Raiffa, 1957) (see endnote 1). Although normative
accounts may produce functional descriptions of behavior that match experimental data,
they do not yield a well-specified and testable relationship to potential neural substrates.
Recent work suggests the existence of covert neural mechanisms that automatically and
unconsciously bias decision-making in human subjects (Bechara, 1997). Consonant with
this latter work, recent work on midbrain dopaminergic neurons suggests that their
activity may participate in the construction of such covert signals, and thereby provide a
more bottom-up explanation for decision-making strategies employed by animals
(Montague, et al., 1995; Egelman, et al., 1995; Montague, et al., 1996; Schultz, et al.,
1997; Egelman, et al., 1998b).
Specifically, studies on neuromodulator delivery in behaving animals (Wise, 1980; Wise
and Bozarth, 1984; Romo and Schultz, 1990; Schultz, 1992; Ljunberg, et al., 1992;
Aston-Jones, 1994; Mirenowicz and Schultz, 1996) suggest that changes in dopamine
delivery represent errors in predictions of the time and amount of future rewarding stimuli
(Montague, et al., 1996). Models based on this interpretation account for physiological
recordings from dopamine neurons in behaving primates (Montague, et al., 1996; Schultz,
et al., 1997), and capture foraging behavior of bees (Montague, et al., 1995). This
computational interpretation suggests that a behavioral meaning may be associated with
dopamine delivery: increases from baseline release mean the current state is ‘better than
expected’and decreases mean the current state is ‘worse than expected’(Quartz, 1992;
Egelman, et al., 1995; Montague, et al., 1995; Montague, et al., 1996). In this paper, we
explore the hypothesis that this behavioral interpretation of fluctuating dopamine delivery
provides one simple bottom-up model of how dopaminergic (or related) projections
implement general constraints that influence ongoing decision-making in humans. Such a
model provides useful meeting grounds for the psychology and neurobiology underlying
human decision making.
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Methods
As described in the legend of Figure 48, our model is based on a simplified anatomy of the
mesencephalic dopamine systems. We begin with the hypothesis that such an anatomy
comes with commensurate computational principles (Quartz et al, 1992; Egelman et al,
1995; Montague et al, 1996; see also papers on temporal difference algorithms, e.g.,
(Sutton, 1987; Sutton, 1988; Sutton, et al., 1990)) (endnote 2). Specifically, we note that
the rich arborizations of midbrain dopaminergic axons could deliver a global, scalar
prediction error to the cortex. The cortex, driven by incoming polysensory information,
could construct and deliver convergent neuronal activity to midbrain nuclei in the form of
a temporal derivative. The output of a midbrain neuron is used in dual roles: (1) to update
synaptic weights after each selection, and (2) to bias the process of making a selection. In
other words, each option the model ``looks at’’has a commensurate pattern of cortical
activity (which is filtered through associated weights); simply “considering” the choice
(not selecting it) will generate the δ(t) signal, and such a signal is used to commit to
decisions (see full description, Figure 48).
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Figure 48. Bottom-up interpretation of decision-making model.
Choices A and B are represented by separate patterns of cortical activity, each associated with a modifiable
weight w(i,t), where i indexes A or B. In the figure, ws are represented by the 2 circles in the intermediate layer.
P is a linear unit representing a midbrain neuron with output: δ(t ) = r (t ) + V&(t ) + b(t )
r(t) is input from pathways representing rewarding stimuli (marked “Reward” in figure), V& (t) represents a
scalar surprise signal which arrives from the cortex in the form of a temporal derivative of net excitatory
activity, b(t) is P’s baseline activity level which is set to 0. Here, V& (t) is taken as a one time-step difference V(t)
- V(t-1) where V (t ) =

∑ x (i , t )w (i , t ) , and x(i,t) is the activity associated with choice i at time t. In this case,
i

there are only 2 xs, each representing one of the choices, and each using a binary activity level: 1 when a choice
was being “considered”, 0 otherwise. δ
(t) is a signed quantity which we interpret as fluctuations in dopamine
delivery to targets above (δ
(t) > 0) and below (δ
(t) < 0) baseline levels (see Montague et al, 1995, 1996). In this
form, δ
(t) is interpreted as an ongoing prediction error between the amount of reward expected and the amount
actually received (Sutton, 1987; Sutton, 1988; Sutton, et al., 1990). This prediction error is used to direct
selections and to update the weights w(i,t) (the internal model).
Making selections using ongoing prediction error. The model chooses among alternatives by making random
transitions from one alternative to another which induces fluctuations in the output, δ
(t), of neuron P. The output
δ
(t) controls the probability ps of making a selection on a given transition (see endnotes 4 and 5):

ps =

1
1 + exp( − m δ( t ) + b )

Updating the internal model. Weights w associated with each alternative i are updated (after a selection)
according to the Hebbian correlation of P’s output with cortical activity: w (i ) new = w (i ) old + λx(i , t − 1)δ(t )
where λis the learning rate. Varying the network’s parameters had little effect on the final behavioral outcome
(endnote 4). The model relies on a linear predictor; however, it obtains a stochastic component to its decision
behavior through the function ps. A simple model suffices here because its basic principles are robust.
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To highlight the behavioral consequences of such an interpretation of dopamine delivery,
we designed variations of a two-choice decision task (Vaughan and Herrnstein, 1987;
Herrnstein, 1990; Herrnstein, 1991) which was given to human subjects and to the
network. The humans were required to select between two large buttons, labeled A and
B, displayed on a computer screen. After each selection (with a mouse pointer), a
vertical, red slider bar indicated the amount of reward obtained. Subjects were instructed
to maximize their long-term return over 250 selections. There was no time limit for
making choices. The reward earned at each selection was a function of past selections.
Specifically, the computer kept track of the subject’s last 40 choices, and the relative
fraction of those choices (e.g., the percentage of selections that went to choice A)
determined the amount of reward earned at the next selection of A or B. Shown in Figure
49 is the fraction of choices to A (of the last 40 selections) versus the reward to be earned
if the next choice is A or B. Thus, each task amounted to a game wherein the subject’s
‘opponent’(the reward functions) employed a fixed strategy. The speed with which the
‘opponent’responded to the subject’s choices was defined by the window size over which
the fraction of choices from button A was computed.
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Figure 49. Four Reward Distributions (with no clear optimum).
Subjects were instructed to maximize long-term return in all four tasks (panels A, B, C, D). The
reward given after each selection is a function of (1) the button selected, and (2) the subject’s
fraction of choices allocated to button A over the past 40 choices. In all four panels, the lines with
diamonds show the reward from a selection of button A at a given choice allocation; the crosses
show the reward earned from selecting button B. The unmarked line indicates the expected value
of the reward for a fixed allocation to button A. For each subject, the square marks the average
allocation and average earned reward after a trial of 250 selections.
(A) In this reward paradigm, the expected value of the earned reward is the same regardless of
choice allocation. Subjects’average allocations lie just to the right of the crossing point of the
functions (mean allocation: human=0.411±0.003, network=0.380±0.001; n=18).
(B) Reward functions reflected around the crossing point. Subjects cluster at a higher allocation to
A, suggesting that the attractant is the crossing point and not some local features experienced as
the crossing point is approached. This point is further strengthened in Figure 50. (mean allocation:
human=0.605±0.002, network=0.596±0.001; n=19).
(C) The grouping of subjects near the crossing point is generally unaffected by local features such
as the larger differentials in reward for allocations to A between 0.7 and 1.0. (mean allocation:
human=0.430±.003, network=0.374±0.001; n=19).
(D) Pseudo-random reward paradigm. Subjects receive a fixed, pseudo-randomized sequence of
reward yielding a mean close to 0.3. Subjects display a mean allocation of 0.501±0.002 (n=19),
confirming a central tendency in these two-choice tasks. Network mean allocation=0.498±0.007,
n=19. These reward functions were chosen loosely for their general shape; our observations
indicate that the overall shape, but not the finer details, influences the general behavior displayed
by subjects.
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Results
The experiments shown in Figure 49 assay choice behavior under conditions where every
allocation strategy earns the same long-term return. The primary difference among the
tasks is the local structure in the reward functions. In the tasks displayed in Figure
49(A,B,C), humans and networks converge quickly to a stable strategy, making choices
that tend to equalize the return from the two alternatives. Such behavior is described as
event-matching (endnote 3). The mean allocation to choice A settled close to the crossing
points in the reward functions, with a slight central tendency. The existence of the central
tendency was confirmed using a randomly distributed reward schedule (Figure 49D):
under these random returns, both humans and networks equalized their allocations to A
and B

To spotlight how a simple underlying mechanism can appear to express different behaviors
in different contexts, we engineered two more choice tasks (Figure 50). In the first, the
optimal strategy lies at the crossing point of the reward functions; in the second, an
allocation at the crossing point is highly suboptimal. Figure 3A quantifies the subjects’
behavior on the first task: most subjects (18 of 24) maximized their long-term return.
However, in the second context (Figure 50B), the same attraction to the crossing point
blinds them to higher long-term profit: over half (14 of 25) of the subjects converged to
the crossing point even when other allocations yielded much higher return. As shown,
higher allocations to A yield increasing reward. The result demonstrates the strong
influence of the crossing of the reward functions since both the optimal allocation point
and the central tendency point lie to the right of the crossing point. The histograms in
Figure 50 show the results of the network on the same tasks. Given the simplicity of the
model and the many levels of human strategies, we are not surprised to find differences in
the histogram, such as the rightward tails in the human data. However, the result is
instructive in the character of the match: the majority of subjects allocated their behavior
at the crossing point of the reward functions, which, in Figure 50B, is highly suboptimal.
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Variation in the free parameters over an extremely broad range does not qualitatively
change the behavior of the network (see endnote 4).
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Figure 50. Context dependence of strategy selection for model and human.
Subjects and networks pursue optimal or suboptimal strategies depending on the context of the
task. Lines with diamonds show the reward from a selection of button A, crosses show the reward
earned from button B, and the unmarked line indicates the expected value of the reward for a given
allocation.
(A) In this reward paradigm, the optimal allocation to A is the same as the crossing point of the
reward functions (0.35). Subjects approximately maximize their reward on this task (mean
allocation=0.366±0.002, n=26). Cumulative allocation histograms from humans and networks
show that both groups stabilize around an allocation to A just to the right of the crossing point of
the reward functions (network mean = 0.383±0.0009, n=26).
(B) This reward paradigm demonstrates that over half the subjects (14 of 25) settle into a stable
behavior at the crossing point even when such a strategy is vastly sub-optimal. Here the most
profitable strategy is total allocation to A. Subjects are drawn to the crossing point even when it
lies to one side of both the optimal allocation and central tendency allocation.
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The results of Figure 49 and Figure 50 can be understood by noting that the network tends
to implement a greedy decision-making strategy, and that the cost functions associated
with these tasks possess global minima at the crossing point of the reward functions. In a
greedy strategy, the decision-maker compares the expected returns from alternative
choices, and then selects the one that is likely to be most profitable (see endnote 5). On a
task such as the one pictured in Figure 50A, greedy strategies will converge quickly to the
crossing point of the reward functions (Borgstrom, 1993; Kilian, 1994). For the task
shown in Figure 50A, a strategy converging to the crossing point will be called “optimal”,
whereas in Figure 50B it may be called “risk-averse”. Such observations verify that
different behaviors can be expressed by a simple underlying mechanism expressed in
different behavioral contexts.
The model captures not only human allocation behavior, but also the deliberation times
between choices. In all tasks, human subjects had no time pressure between selections. In
spite of the broad range of interselection delays (mean = 0.793 sec, sd = 2.01 sec), human
subjects demonstrated stable choice-dependent dynamics, i.e., choice allocation was
independent of deliberation time.
Figure 51 shows some typical examples of the interselection delays for the task shown in
Figure 50A. Note that while the subjects’allocations to button A fluctuate smoothly
around the crossing point in the reward functions (0.33), the delays are uncorrelated
(average correlation coefficient = -0.2). Such data suggest that subjects update their
internal models at the time of each button choice, in a fashion independent of the delay
between choices. The network model, updating its weights only at each choice, captures
the delay-independent dynamics of the humans.
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Figure 51. Decision dynamics are independent of delays in both humans and
networks.
(A) The inter-selection delays and allocation to A are plotted for a typical subject
performing the “matching shoulders” task (seen in Figure 50A; so named because of the
matched peaks of the reward functions). Note that the delays vary widely, even while the
allocation to A smoothly oscillates around the crossing point (0.35) of the reward functions.
In the model, the oscillations come about because the difference in rewards from A and B
becomes reflected in the difference of weights wA and wB. This in turn drives the system
toward more selections from the choice with higher weight. The averaged allocation is thus
driven to the other side of the crossing point, where the same process begins again. The
correlation of delay times with the subjects allocation to A, over all subjects, yielded a
correlation coefficient of 0.0117.
(B) Network’s behavior on the same task. The network’s delays are defined as being
proportional to the number of transitions made between alternatives before the model
committed to a selection (see definition of decision function ps in legend of Figure 48).
Network correlation coefficient = 0.0137. The constant of proportionality that relates a
network transition to seconds is taken to be on the order of 200msec, which is the
physiologically characterized time of dopamine transients in alert monkeys performing
similar tasks (Romo and Schultz, 1990).

Traditional decision-making theories (especially those following the tradition of expected
utility theory) are deterministic, i.e., preference of A over B is either true or false. Such
theories have consistently fallen short in explanations of observed human decision making,
both in terms of choices and the distribution of deliberation times (Busemeyer, 1993). To
date, delay distributions have only been successfully captured by non-deterministic models
(Carpenter and Williams, 1995). It may be the case that preference and deliberation times
cannot be studied separately; our model addresses both properties of decision-making by
appealing to a common underlying mechanism.

133

D. M. Egelman, Computational Properties of Extracellular Calcium Dynamics

The relationship of choice preference and delay behavior suggests some new
interpretations of lesion, disease, and drug effects on dopaminergic systems. We begin by
simulating a blunting of the dopamine neuron’s output signal δ(t): such a blunting might be
expected following a blockade of dopamine receptors. Results are shown in Figure 52A,
where the model is presented with the decision task from Figure 49A, but with a 90%
reduction in the magnitude of δ(t). The mean allocation to button A shifts from the
crossing point (0.35) to random (0.5) with no concomitant change in inter-selection
delays.
Figure 52B tests the model on the same task, but with a nonspecific decrease in the
average amount of dopamine delivered to targets; the baseline (average) of δ(t) is reduced
with no change in its sign or magnitude (Figure 48). The result is a dramatic increase in
delay times with no change in choice allocation. The model follows its usual strategy,
however, it takes a prohibitively long time to make a choice. Observers of such a
symptom in a patient might interpret this change as a motor deficit, or “sluggishness”.
Such a non-specific baseline reduction in dopamine levels and the ensuing increase in the
time-to-selection is reminiscent of symptoms associated with Parkinson’s disease. This
disease is characterized biologically by degeneration of dopamine cells in the substantia
nigra (see endnote 6) and typically includes a slowing in the initiation and execution of
voluntary movements and motor sequences.
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Figure 52. Some predicted effects of pharmacology, lesion, and disease.
(A) The blockade of dopamine receptors (as by neuroleptics) is modeled by blunting the effects of
dopamine release at the target regions. Using the task in Fig 3A, the average choice allocation
shifted from 0.35 allocation to A to random (0.5 allocation to A). Interselection delays (not
shown) were unaffected.
(B) The destruction of input to dopamine neurons (as by a lesion in the cortex), or the degeneration
of dopaminergic neurons (as in nigro-striatal pathway loss in Parkinson’s disease) is represented
by shifting δ
(t) to a lower baseline level. Thus, while dopamine neuron output continues to
fluctuate appropriately, the reduced baseline component leads to a dramatic increase of
interselection delays. Choice strategies are unaltered but are interpreted as being prohibitively long
(mean allocation to A = 0.369±0.001 in normal network, 0.347±0.002 in diseased network, n=26).
Mean delay in the normal network = 1.99±0.002 seconds, in the diseased network mean delay =
7.29±0.012 seconds. Graph is shown only to 16 seconds; maximum delays reached 151 seconds in
the ‘diseased’network.

The results in Figure 52B suggest that Parkinson’s patients may retain the ability to
construct appropriate error signals to influence ongoing decision-making---however, the
dramatic decrease in average baseline dopamine levels prevents the proper use of this
information at the level of target structures. In other words, the non-specific decreases in
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baseline dopamine levels could result in dramatic changes in motor behavior: while the
plans remain intact, the time to arbitrate a selection among plans increases. See (Berns,
1996) for a similar interpretation of sequence selection.
Accordingly, the model predicts that a return to normal baseline dopamine levels, which
would return fluctuations of neuromodulator release to an appropriate operational range,
would restore selection times to normal. This interpretation is consistent with the
systematic and highly successful use of L-dopa (dopamine precursor) with Parkinsonian
patients (Hornykiewicz and Kish, 1987; Agid, 1989).
A reduction in the baseline (average) of δ(t) might also result from damage to prefrontal
cortex. Humans with damage to the ventromedial sector of the prefrontal lobes present
with deficits in decision-making and planning skills (Eslinger, 1985; Damasio, et al., 1990;
Bechara, 1994; Damasio, 1994; Bechara, 1995). Patients can be well aware of
contingencies of the decision and can enumerate differences between choices, but have
difficulty concluding with a decision. In the model, as before, such a lesion to the frontal
lobes might be represented by a sustained decrease in the baseline (average) of δ(t)
because of the lack of cortical influence on the output of midbrain dopamine neurons. This
change would lower significantly the probability of making a choice independent of the
capacity to categorize or assess the value of the choice.

Conclusions
The results verify that for simple decision-making tasks, especially when information about
the task is impoverished, human choice behavior is capable of being characterized by a
simple neural model based on anatomical arrangements, physiological data, and a set of
well-understood computational principles. The mesencephalic dopaminergic system
fulfills the requirements of the model; however, we note that related projections (such as
the cerulean noradrenergic system) may fulfill or contribute to the same roles. We have
engineered choice tasks that highlight certain behaviors of this system (such as suboptimal
choice allocation), and presented the task to 66 human subjects. The close match of the
human and model data supports a direct relationship between biases in human decision
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strategies and fluctuating neuromodulator delivery. Although humans surely have
sufficient memory capacity to learn long-term strategies, their mechanisms appear to be
tuned to use short-term information to arbitrate decisions under rapidly changing reward
contingencies. This latter property is reminiscent of the behavior of honeybees on similar
decision-making tasks (Montague et al, 1995). The bottom-up approach presented here
suggests that a variety of behavioral strategies may result from the expression of relatively
simple neural mechanisms in different behavioral contexts. Further, the approach suggests
that certain motor deficits may share the same underlying cause as deficits of decisionmaking.

Notes

1. The first decision-making theories were normative, meaning they prescribed what
strategies humans ought to follow under a predetermined notion of the goals. Such
theories, e.g., utility theory (Bernoulli, 1738; Von Neumann and Morgenstern, 1947)
held long influence on economic theory. However, the systematic study of decisionmaking has exposed sets of reproducible behaviors that cannot be fit into traditional
normative frameworks of rational choice (Kahneman and Tversky, 1984). This has
given rise to descriptive theories, some of which are more axiomatic in nature (e.g.,
prospect theory, (Kahneman and Tversky, 1979)), and some of which suggest
architectural components that could implement the theories (Grossberg, 1987).
However, no approaches thus far yield a well-specified and testable relationship to
potential neural substrates.
2. The goal of temporal difference methods is to learn a function V(t) that anticipates
(predicts) the sum of future rewards. As demonstrated in Montague et al (1996), this
simple computational theory captures a wide range of physiological recordings from
midbrain dopamine neurons in alert primates.
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3. Event matching is a well-described behavior displayed by both animals and humans in
choice situations. It is defined by the “matching” of behavioral investments to the
return on those investments, expressed concisely by:
Bj

∑

Bi

=

i

Yj

∑Y

(24)

i

i

where Yj is the yield (return) earned from any given behavioral investment, Bj .
Whereas matching behavior is not always optimal, it is generally adaptive (Herrnstein,
1990; Herrnstein, 1991).
4. Initial starting points along the x-axis were varied from 0.0 to 0.95. The learning rate
λwas varied from 0.1 to 0.9. The slope m in Fig. 2 was varied from 3 to 50. The
offset b was varied from 0.0 to 1.0. Such variations modified the size of the basin of
attraction, the dynamics of the approach, and the character of the delays. However,
the convergence to the crossing points was unchanged (but see Figure 52).

5. While a decision is being arbitrated, δ(t)=V(t)-V(t) (see legend of Figure 48). To
illustrate, when the model `looks’from choice A to choice B, δ(t)=wB-wA, allowing
the probability of selection to be written:

ps =

1
1+ e

m ( wB − wa ) + b

(25)

or (setting b=0),

e − mwB
ps = − mwB
e
+ e − mwA

(26)

which relates our model to a Boltzmann (or ‘soft-max’) choice mechanism, wherein
the probability of making a selection is a function of the changing weights. Since the
weights will be maximally influenced by the most recent rewards, and the probability
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of selection will be highest for the larger weight, this mechanism engenders a greedy
decision-making strategy.

6. There are dopamine cells in the substantia nigra that also appear to report prediction
errors in future appetitive stimuli, suggesting that the model may explain some aspects
of the deficits involved in losing the majority of these cells in Parkinson’s disease
(Schultz, et al., 1993).
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